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Abstract - The optimal maximum-likelihood multi-user
detection problem in synchronous Code-Division Multiple
Access (CDMA) is NP-hard; the asynchronous version of
the problem is super-exponential. The computational
difficulty has driven research into suboptimal algorithms
that provide reliable decisons and ensure polynomial
computational costs. The Probabilistic Data Association
(PDA) method, originally developed for tracking, and
recently adapted for multiuser detection in synchronous
CDMA, is extended to asynchronous CDMA where a
Kalman smoother is employed to track correlated noise
arising from the outputs of a decorrelator. The estimates
from the tracker, coupled with an iterative PDA, result in
impressively low bit error rates. Computer simulations
show that the new scheme significantly outperforms the
Decison Feedback detector. The algorithm has O(K®)
complexity per time frame, where K isthe number of users.
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1 Introduction

In Code-Division Multiple Access (CDMA) systems, users
simultaneously trangmit information in the form of
antipodal binary sequences over a common channe by
modulating their signature waveforms. The received signa
is the sum of al user sgnals in the presence of additive
noise. The conventional method of demodulation consists
of passing the signal through a bank of filters, where each
filter is matched to a user’s signature waveform. In
practicd  CDMA systems, where users transmit
asynchronously, the signature waveforms have nonzero
correlations; this results in multiple access interference
(MAI). As a consequence of MAI, the conventiona
detector performs poorly in Stuations where the user
energies are substantially different.

The exponential computational complexity of the
optimal Maximum-Likelihood (ML) detector [1] for
asynchronous CDMA and the unreliable performance of the
conventional detector under redlistic conditions has
motivated research into improved sub-optima multiuser
detectors that yidld low bit error rates and that ensure
polynomial computational costs. Examples include the
decorrelator [1], the Minimum Mean Square Error (MM SE)
detector [2], the Decision Feedback (DF) detector [3] [5],

and the multistage detector [4]. All of these detectors
provide bit error rates that are lower than the conventional
detector.  The decorrelator, among the poorest of the
aforementioned detectors in terms of error probability,
decorrelates the information hits (thus solving the MAI
problem in a way that would be optima were the MAI
Gaussian) by inverting the channel.  However, the
transformation enhances and corrdates background noise.
For this reason, there is a substantial gap in performance
between the ML detector and the decorrelator. The gap
between the DF detector, one of the more efficient detection
schemes, and the ML detector is gill significant. The DF
detector makes its decisions one hit at a time by using past
decisions and matched filter outputs [3].

In this paper, a new multiuser detection scheme for
coherent demodulation in asynchronous CDMA channelsis
introduced. The detection scheme uses the Probabilistic
Data Association (PDA) [6] method, recently devel oped for
multiuser detection in synchronous CDMA [7], in
conjunction with a Kalman smoother for tracking the
correlated noise arising from the outputs of a decorrelator.
Simulation results show that the new strategy significantly
outperforms the DF detector [3] [5]. The algorithm has
O(K®) complexity per time frame, where K is the number of
users.

The rest of the paper is organized as follows. In
section 2, the asynchronous CDMA mode is given, and the
decorrelator and the DF detector are reviewed. The PDA
multiuser detector for synchronous CDMA is reviewed in
section 3. In section 4, the PDA and Kalman Smoother
multiuser detector for the asynchronous case is presented.
Simulation results are provided in section 5. The paper
concludes with a summary in section 6.

2 Decorrelator and DF Detectors

The discrete-time equivalent model for the matched-filter
outputs at the receiver of a K-user asynchronous CDMA
channdl is described in the z domain [1] by the K-length
vector

¥(2) = R(2)Ab(2) +n(2) )

where A is a diagonal matrix whose i-th diagonal element,
a;, isthe square root of the received signal energy per bit of



the i-th user; b(2) is the z transform of the hit sequence
trangmitted by the K active users; n is colored Gaussian
noise with zero mean and covariance &°R(2); and R(2) isthe
signature correlation matrix which is composed of three
parts[1]

R(z) = R{]" z+ RO} + R[]z @)

In (2), R[O] is a symmetric matrix with unity diagonal
elements and whose off-diagonal elements represent the
correlations between user signatures at the sametime index;
and R[1] is a singular matrix whose elements represent the
signature correlations relating to successive time frames.
The (i, j)™ dlement of R[1] is denoted by R[1];;. Since user
signal i in time frame k cannot simultaneously be correlated
with that of j in time frame k — 1 and in time frame k + 1,
we have R[l]” R[l]J| =0.

The decorrelated modd for asynchronous CDMA in
the z domain is obtained by multiplying both sides of (1)
from theleft by R™*(2)

¥(2) = Ab(2) + x(2) 3

where x(2) is colored Gaussian noise with zero mean and
covariance 0°R(2). The corresponding time-domain
representation of (3) is

y(k) = Ab(k) + x(k) (4)

whereb(k) O {-1 ,+1}©

The decorrelating detector estimates b(k) via

b(k) = san(¥(K)) (5)

In the absence of any background noise (i.e., & = 0), the
decorrelator provides error free demodulation.

The decorrelating DF detector [3] [5] for
asynchronous CDMA uses two filterss an anticausa
feedforward filter G(Z) which takes matched filter outputs
as its inputs and a causal feedback filter B(2) which takes
past decisions asitsinputs (Fig. 1).

The DF detector operates one hit at a time. The users
are ordered according to some criteria (e.g., arrival time,
received energy) and then demodulated sequentialy. It is
shown in [3] that the correlation matrix R(z) can be factored
as

R(z) =(FIO]+F[42)" (FIO]+F[Qz™")  (6)
where F[0] isalower triangular matrix and F[1] is an upper

triangular matrix [1]. G(2) is related to the factorized
matrices via

-T
G(2) =(F[0]+F[12) (7)
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Figure 1: Block diagram of Decision Feedback Detector

Multiplying both sides of (1) by G(2) results in the white
noise mode!

¥(2) = (FI0]+F[1127)Ab2) +W(2)  (8)

where §(z) =G(2)y(z) and w(2) is white Gaussian noise
with zero mean and covariance ¢?l.  The time domain
representation of (8) is

y(k) = FO]b(k) + F[b(k 1) +w(k) (9)
We define s(k) as

s(k) = y(k) - F [1]b(k -1) (10)
Since F[0Q] is lower triangular, user 1 has no interference
from other users when b(k—1) is known (theided case).
The etimate for user 1is

b, (K) = san(s, (K)) (11)
where s; is the first dement of s User i > 1 has
interference duetousersj 0{1, 2, ... ,i —1}. Provided that
al past decisons are correct (the ideal case), user

interference is eliminated through successive cancellation
[1]. Theestimatefor useriis

b (k) = sgn{a (k) - '_illF[O]i,- ajb; (k)j (12)
J:

In vector notation, (12) becomes



(k) = san(s(k) - (F 0] ~diag F [0]) AB(k))

b(k) = sgn( V(K) - ((Flol —diag FI:[f)lll)AABtzi(k:)D (13)

The corresponding representation of (13) in thezdomainis

b(2) = son(§(2) - B(2) Ab(2)) (14
where the feedback filter B(2) is given by
B(2) = F[0] —diag F[0] + F[1]Z* (15)

The performance of the DF detector is dependent upon user
ordering.  The user ordering and time labeling criteria
proposed in [8] results in an eror probability that is
remarkably close to the ideal DF detector. Despite the
improvement of [8], the gap in error probability between
the DF detector and the optimal detector is dtill
considerable.

3 PDA Multiuser Detector for
Synchronous CDMA

Similar to the sysem mode of (1), the discrete-time
equivalent model for the matched-filter outputs at the
receiver of a K-user synchronous CDMA channd is given
in the time domain by the K-length vector [1]
y=RAb+n (16)
where R is the symmetric signature correlation matrix with
unity diagonal elements and n is a red-valued zero-mean
Gaussian random vector with a covariance matrix &°R.

Multiplying by (RA)™ from the Ieft on both sides of
(16), we obtain

A_ly =b+ A_lX

- 17
=biei+2j¢ibjej+A lX ( )

where ¥=R7'y; x=R™n; varighle b O {-1 +1}
represents the ith dement of vector b; and g is a column
vector whose ith element is 1 and whose other dementsare
0.

The PDA method suggests that we treat the decision
variables b as binary random variables. For any user i,
associate a probability Py with user signa b; to express the
current estimation of the probability that b =1 and 1 — Py,
is the corresponding estimate for b = —1. Now, for an
arbitrary user signal b, treat the other user signals b, (j # i)
as binary random variables and the effective Gaussian noise
interfering with user i is

Nj =3,4b;e; + A™x (18)
The mean and covariance of (18) isgiven by
E[Ni]=Xej(2Ry; -1
]#I
cov[N{]1= Z[4R; (1-Ry)eje;"] (19)
]#I
+0?(ARA) T
By defining the variables
0, =E[N,]-A"1y
QI, =cov[IN,] (20)
we form the likelihood ratio of the belief that b, = 1.
P _ EXP(‘ 0, +e)" 2,70, +ei)/2)
1-R  expl-(0,-6)" 270, -e)/2) (2D

= exp(— 20,7 Q. e, )

The basic form of the multistage (iterative) PDA detector is
asfollows:

(1) Sort users according to the user ordering criterion
proposed for the decision feedback detector in [5]
(specifically Theorem 10f [5]).

(2) 0Oi, initidize the probabilities as P, = 0.5.
Initialize the stage counter m= 1.

(3) Initidizethe user counter i = 1.

(4) Based on the current value of Py; (j # i) for user i,
update Py, using (6).

(5) Ifi<K,leti=i+1andgotostep4.

(6) If Oi, Py has converged, goto step 7. Otherwise
let m=m+ 1 and return to step 3.

(7) 0Oi, makeadecision on user signd i via

1 R, 205
! _1 Pbi <05

(22)

Computationally efficient numerical schemes for
updating (4) are presented in [7].

4 PDA-Kaman Smoother Detector for
Asynchronous CDMA

The new detection scheme is based on the
asynchronous decorrelated model in (4). The idea behind
this scheme lies in the dynamics governing the correlated
noise x(K) in (4). Since the covariance of x(2) is &R™*(2),
then from (6), x(2) can be transformed to white noise via



(F[0]+F[1z Y)x(2) = w(2)

x(2) =-F[0] TF0z @ +Flo w23
where w(2) is a white Gaussian noise vector with zero mean
and covariance ¢®l. The corresponding time-domain
representation of (23) is

x(K) = =F[0] *F[1x(k —1) + F[0] *w(k) (24)
Provided that the conditional mean and covariance of the
correlated noise x(k) are known, the PDA method of (9) can

be applied to obtain b(k) with only a few modifications:
equation (19) isnow given by

E[N;(K)] = Ze;(2R;(k) -1+ AR (k|k+D)
j#i
cov[ N;(K)] = X [4R; (K)A— Ry (k))ejejT]

j#i
+ APk | k+D AT

(25)

where X(k|k+1) and P(k|k+1) denote the one-step
smoothed conditiona mean and covariance of x(k); and
equations (20) and (21) remain the same with the exception
that time index k is now added to each variable. Treating
(24) as the state equation and (4) as the measurement
equation, a Kalman smoother is used in conjunction with
the PDA method of [7] to compute X(k|k+1) and

P(k|k+1).

Let pk+l) and ®P(k+1l) denote the estimate and
conditional covariance of b(k+1) obtained by the PDA
method of [7] using the predicted state estimate X(k +1|k)
and the predicted state covariance P(k+1|k) in place of
X(k|k+1) and P(k|k+1) in (25) without making the
hard decision at the end after the user probabilities at time
k + 1 have converged. p(k+1) and ®(k+1) are computed via

u(k+1) =3 (2R, (k+1) -1,

®(k+1) =3 4R, (k+D(L- Py (k+D)e e <0

The predicted state estimate and state covariance at k= 0 is
obtained by recognizing that x(0) is

x(0) = F0] " w(0) (27)
Equation (27) is based on the assumption that because the

first information packet arrives at k = O, the output of the
decorrelator is zero prior to that time. Hence, x(-1) is

zero. From (27), the predicted state estimate and state
covarianceat k=0is

X(0]-1) =0

P(0|-1) =o?F[0]*F[0] " (29

The initid state estimate and covariance for the
Kalman filter is

X(0]0) = ¥(0) - Au(0) 29
P(0]0) = (I -W)P(0|-1)
whereW = P(0]-1) [P(0]-1) + A®(O)AT| .
The procedure for initializing the detector isillustrated
in Figure 2.
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Figure 2: Initialization of PDA-Kaman Smoother Detector

In order to compute the updated state estimate
X(k+1|k+l)and the wupdated state covariance

P(k+1|k+1), the mean and covariance of the

measurement noise at time k + 1 is required. In (4),
Ab(k+1) is trested as Gaussian noise with mean and
covariance

E[Ab(k +1)] = Au(k +1)

cov[ Ab(k +1)] = Ad(k +1) AT (30

After the updated state estimate X(k +1|k +1) and the
covariance P(k+1|k+1) have been computed, one-step
smoothing is performed to obtain  X(k|k+1) and
P(k |k +1). The one-step smoothingis[9]



R(K|K+1) = X(K [K) +C[R(K +1] K +1) - X(k +1]K)]

P(k|k+1) = P(k |K) +C[P(k+1|k +1) - P(k +1] K)]CT
(31)

where C = -P(k [K)F[1]" F[0] T P(k +1]k) .

Using the PDA method of [7] (with the
modifications), the final decision on b(k) is made. (Note
that in obtaining b(k), the user probabilities at time index k
are reinitialized to 0.5 before PDA is applied). The
procedure to obtain the final decision on b(k) is summarized
in the flow diagram of Figure 3. The detector starts at time
index k = 0. We also remark that any of the algorithms
discussed in [10] for synchronous CDMA can be
substituted in place of thelast PDA gage.
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Figure 3: Block Diagram of PDA-Kaman Smoother Detector

5 Simulation Results

In this section, we compare the performance of the
Decorrelator, the DF detector, and the PDA-Kaman
Smoother detector. The optima user ordering and time
labeling rule proposed in [8] is applied to both the DF and
PDA-Kaman Smoother detectors. A performance lower
bound is also provided by the ideal optima detector that
assumes no eror propagation. The simulation was
performed on an overloaded system of 20 users and 15-
length randomly generated codes. The time delays of the
user signals are random and uniformly distributed within a

symbol duration and we use the system model introduced in
[11] to generate the signature correlation matrix. The
square roots of user signal powers are generated randomly
w ~ N(4.5, 4) and are limited to the range of [3,6] to avoid
domination of results by deep fade errors.

Figure 4 shows the performance comparison of
different detectors. The performance of the new detector is
significantly better than the DF detector and reasonably
close to the performance lower bound. (Note that the lower
bound provided by the ideal optima detector is not
necessarily reachable.)
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Figure 4: Performance Comparison, 20-users, 100,000 Monte-
Carlo Runs

In Figure 5, we examined the effect of smoothing by
eliminating the smoothing stage from the detector and using
X(k|k) and P(k|k)to obtain the final decision on b(k).
At every SNR value, the detector had a higher error
probability than in the case when smoothing was employed.
In our simulations, we also observed that smoothing beyond
one step resulted in no discernible improvement.
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Figure 5: Effect of Smoothing Performance Comparison, 20-users,

100,000 Monte-Carlo Runs



6 Conclusions

Transformation to a decorrdlated signa model  for
asynchronous CDMA results in a vector noise process that
evolves according to a linear Gaussian system. Thiswould
suggest the use of a Kalman technique to estimate it;
however, unfortunately, this noise is added to a very non-
Gaussian process by the users' bits.

It turns out that the iterative “Gaussianization” by the
PDA detector [7] of these other users makes it a natural fit
with the Kalman smoother; the Kalman smoother, in its
turn, benefits PDA by reducing the effective noise.

The resulting algorithm amounts to a one-step soft
look-ahead to time k+1 by the PDA, with an accompanying
Kalman smoother to mitigate Gaussian noise at time k.
(Deeper look-aheads are possible, but have shown little
improvement compared to their added complexity.)

Simulation results show that the performance of the
PDA-Kaman Smoother detector, in terms of the probability
of group detection error, is significantly better than the
decorrelator and the DF detectors.
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