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Abstract

A fast optimal algorithm based on the branch and bound method, coupled with an iterative lower bound
update, is proposed for the joint detection of binary symbols of K users in a synchronous correlated waveform
multiple-access (CWMA) channel with Gaussian noise. Although the group optimal detection problem is
generally NP hard, the proposed method can significantly decrease the average computational cost. A fast
“any-time” sub-optimal algorithm is also available by simply picking the “Current-Best” solution in the Branch
and Bound method. Theoretical results are given on the computational complexity and the performance of the
“Current-Best” sub-optimal solution. Although the performance of sub-optimal algorithms are affected by the
detection order, an order algorithm is proposed and the optimal detection order is shown to be identical to all
the proposed sub-optimal algorithms. Simulation results are presented to verify the theoretical analysis. In the
situation when only a small number of users are correlated, sub-optimal algorithm outperforms the decision

feedback method significantly and the computational cost can be even less than that of the conventional method.
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I. INTRODUCTION

UE to the problem of interuser interference in many multiuser communication systems, multiuser
D detection for the symbol-synchronous Gaussian correlated waveform multiple-access (CWMA)
channel has received considerable attention over the past ten years. When the source signals are
binary- or integer-valued, the resulting integer programming problem is generally NP hard [2], unless
the signature waveform auto-correlation matrix has a special structure [11] [12]. Consequently, prior
research has focused on designing suboptimal receivers with low computational complexity and better
performance than a conventional linear detector. Among them are the multistage detection [3] [5],

the group detection [7] and the decision feedback detection [6] [8] [13]. Usually, suboptimal methods
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need to perform a projection to satisfy the integrality constraints, which can cause significant detection
errors.

Based on the idea of successive cancellation, a systematic Decorrelator-based Decision Feedback
Detection (D-DFD) approach was given in [13]. While maintaining the computational complexity of
O(K?), D-DFD methods provide a significant improvement in probability of error when compared with
traditional Minimum Mean Square Error (MMSE)-based decorrelation detector. However, computer
simulations show that, in most cases, especially when some signature waveforms are correlated, there
is still a large gap between the probability of error of D-DFD outputs and that of the optimal solution.

In this paper, we consider the multiuser detection problem as a constrained optimization problem.
A fast optimal algorithm based on the branch and bound method is proposed. The Minimum Mean
Square Error (MMSE) method is used to find a lower bound; this requires fewest branches to find
the best solution in the noise-free case. In addition, when the noise is small, the MMSE lower bound
is tight and helps greatly in pruning the number of branches, thereby decreasing the number of sub-
problems to be solved. Although the computational cost for the worst case is exponential, computer
simulations show that the optimal algorithm maintains the same level of computation on average
as the D-DFD method, while being able to provide significant improvement in the probability of
error when compared to the D-DFD method [13]. In the noise-free case, the optimal algorithm
even requires less computation than the conventional methods. Furthermore, theoretical discussion
is given to show that the D-DFD method is in fact an order-one approximation to the proposed
optimal solution. When strict computational limits exist, a sub-optimal solution can be obtained by
simply picking the “current-best” solution in the branch-bound search. Since the D-DFD method is a
first-order approximation to the optimal algorithm, a “current-best” solution of second or third order
approximation will generally outperform the D-DFD method with marginal increases in computation.
Theoretical analysis of the performance and computational cost on the “current-best” solution is
given and verified by the simulation results. For a given CWMA system, these results can be used
offline to estimate the performance and computational costs for the proposed optimal and sub-optimal
algorithms. In addition, the optimal detection sequences for different computational constraints as
well as the D-DFD methods are found to be identical.

The rest of the paper is organized as follows. The synchronous multi-user detection problem formu-
lation and existing solution techniques are discussed in section 2. In section 3, a fast optimal algorithm
to reduce the number of sub-problems is presented, and theoretical analysis of the computational com-
plexity is given. By using a depth-first search, analysis is given to show that the D-DFD solution is in
fact the first feasible solution in the branch-and-bound approach. In section 4, the performance and
the computational complexity for the “current-best” sub-optimal solution are discussed. Theoretical

analysis for finding the optimal detection sequence is given at the end of this section. Simulation



results and comparative analyses are provided in section 5. The paper concludes with a summary in

section 6.

II. PROBLEM FORMULATION AND EXISTING METHODS

A discrete-time equivalent model for the matched-filter outputs at the receiver of a CWMA channel
is given by the K-length vector |[2]
y=Hb+n (1)

where b € {—1, +1}¥ denotes the K-length vector of bits transmitted by the K active users. Here
H = WiRW? is a nonnegative definite signature waveform correlation matrix, R is the symmetric
normalized correlation matrix with unit diagonal elements, W is a diagonal matrix whose k-th diagonal
element, wy, is the received signal energy per bit of the k-th user, and n is a real-valued zero-mean
Gaussian random vector with a covariance matrix o2 H. It has been shown that this model holds for
both baseband [2] and passband [13] channels with additive Gaussian noise.

When all the user signals are equally probable, the optimal solution of (1) is the output of a Maximum

Likelihood (ML) detector |[2]
bur b= arg be{iriifl}}( (bTHb — 2yTb) (2)
The ML detector has the property that it minimizes, among all detectors, the probability that not
all users’ decisions are correct. Usually, ¢, is considered NP-hard and exponentially complex to
implement; the focus is then on developing easily implementable and effective multiuser detectors.
The MMSE-based solution of conventional decorrelation detector [2]

bp : b= arg be{%,ifl}f( Hb — H—lsz (3)

is found in two steps. First, the unconstrained solution b= H~ 'y is computed. This is then projected
onto the constraint set via: lA)l = sign (l;l)

The DFD method based on the decorrelation detector is described in [13]. It is characterized by

A o K -1
¢p-pr : b= Pb, b; = sign ZFiijj - ZBijbj (4)
j=1 j=1

where F' = U (|[PHP|™'), B = L(FPHP). Here, U(-) represents the upper triangular part of a matrix,
L(+) represents the strictly lower triangular part of a matrix, and P is a permutation matrix (symmetric
and orthoganal). The choice of P has been discussed in Theorem 1 of [13].

For the group detection of multiuser detectors, Symmetric Energy (SE) is an important performance

measure in the low noise regime [13]. It is defined as follows,
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Definition: Let £(¢) denote the event that the detector does not detect all users correctly. Let the
effective energy e(o, ¢) corresponding to the probability of £(¢) be defined implicitly via the equation

Pr((8)) — Q (V i ¢)) )

g

where )(.) is defined as Q(z) = [;° \/%e_édm The SE is defined as the limit of the effective energy
e(o,¢) as 0 — 0 so that

= lime(o = suple 'imM 00
B(0) ~ lingelo6) — sup fe > 01y S < o} )

If we denote the (7,7) component of a matrix A by A;;, the SE of the ML detector, Decorrelator
and the D-DFD detector can be expressed, respectively, by [13]

T

E(pmr) = i e
1
E(¢p) = min 1,
. : 2
E(¢p-pr) = ij{lmK L;; (7)

=1,...,

where L is the Cholesky factor of PHP, i.e., PHP — LTL. Although both the computational costs
for the decorrelation and D-DFD algorithms are K? multiplications and K (K — 1) additions, it has
been shown [13| that F(ép_pr) > F(¢p). Usually D-DFD can provide 2 to 3 orders of improvement
in the magnitude of probability of error when compared with a conventional linear detector. However,
the output of D-DFD is still a sub-optimal solution. Simulation results show that, in most cases, there

still exists a substantial gap in performance between the D-DFD and the optimal solutions.

III. OPTIMAL ALGORITHM BASED ON BRANCH AND BOUND

The idea of using a branch and bound method in solving optimization problems is already well known
[4]. However, the tradeoff between a tight lower bound and a lower bound with less computational
requirements is common to most of the problems. In multiuser detection, branch-and-bound method
with breadth-first search has been used in [9] to find the minimum distance, which is defined by,

Ayin = \/ min el'He (])
ce{—1,0,1}K —{0}

Similar to [9], in this paper, the fast optimal algorithm uses a tight (when noise is small) MMSE lower
bound. In particular, we update the lower bound in an iterative way such that the computational cost
for each estimation is linear in the number of the rest of unassigned users.

Suppose H = LTL is the Cholesky decomposition of H. Then H™! — L The objective

function in (2) can be equivalently written as

L3 . r=1.AT -1
¢z : b —argbe{gq}fl}}((b H™y)  H(b— H™"y)



= arg be{frll,ifl}f( HL(b — H_ly)Hz

=arg min HLb _y
be{-1,+1}¥

o, ()

Define y = L‘lTy, D = Lb, and denote the kth component of D and y by Dj and g, respectively.

Consequently, we have

b = i D — |2
ParL arg, min 1D = gll3

K

argbe{irll}ill}K];( K — Uk) (10)

Here, since L is a lower triangular matrix, Dy depends only on (by, b, ..., bx). When the decisions for

the first k users are fixed, the term

k

& = > (Di = Gi)? (11)

i=1

can serve as a lower bound of (10). It can be easily seen that the lower bound is in fact an unconstrained
MMSE solution and is achievable when the binary constraints on (bg,1,...,bx) are disregarded. The
branch and bound tree search to find the minimum value of ||D — 7||3 is described below.

Similar to a general branch and bound method [10], the algorithm maintains a node list called
OPEN, and a scalar called UPPFE R, which is equal to the minimum feasible cost found so far, i.e.,
the “Current-Best” solution. Define k to be the level of a node (virtual root node has level 0). Label the
branches with Dy (b1, by, ..., by 1), which connect the two nodes (by, ..., by) and (by, ..., bx11). The node
(by,...,bx) is labeled with the lower bound &. Also, define v, = % | [b; * (the ith column of L)] — ¢,
denote [vg]; as the jth component of vector vy, and L;; as the (i, j)th element of L. The branch and
bound algorithm proceeds as follows.

1) Precompute gy = L‘lTy;

2) Initialize k = 0. vy = =7, & = 0, UPPER = 400 and OPEN = NULIL;

3) Set k =k + 1. Choose the node in level k such that by = —sign (Jvg_1]x). If ¥ < K, append the

node with b, = sign ([vx_1]x) to the end of the OPEN list;

4) Compute vy = vg_1 + bg * (the kth column of L);

5) Compute & = &1 + (D — Gx)? = &1 + (vi)2;

6) If & > UPPER and the OPEN list is not empty, drop this node. Pick the node from the end
of the OPFE N list, set k equal to the level of this node and go to step 4;

7) It & < UPPER, k = K and the OPEN list is not empty, update the “Current-Best” solution
and UPPFER = &. Pick the node from the end of the OPEN list, set k£ equal to the level of this
node and go to step 4;

8) It & < UPPER and k # K, go to step 3;
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9) 1t & < UPPER, k = K and the OPEN list is empty, update the “current-best” solution and
UPPER = &;
10) For all other cases, stop and report the “current-best” solution.

Example 1: The following 3-user example illustrates the procedure. The system is given by

y =Hb+n
[ 4.25 0.85 0.57
H =085 30 1.6
057 16 20

_ T

20 0 O 20 0 O
=103 13 0 03 1.3 0 (12)
1 0.4 1.1 1.4 04 1.1 14

Assume the source signal is b = [1,—1, 1|7, the noise vector is n = [0.81,1.93, —0.22]7, hence y —

[4.78,1.38,0.75]7. Figure 1 shows the branch-and-bound tree structure.

Virtual Root
-22
-0.46
k=0, level 0 —05

,§“=D

O =

=1,level 1

1.04

UPPER=§; = 2.63 UPPER = & = 2.64

Fig. 1. Example of the depth-first Branch-and-Bound algorithm

In step 1), we precompute § = (L™H)Ty = [2.2,0.6,0.5]F. Then, initialize k = 0, vy = [—2.2, —0.6, —0.5]T,
&% = 0, UPPER = +oo, OPEN = NULL. In step 3), let & = 1, choose the node with b =
—sign(—2.2) = 1 (node 1 in Figure 1). Add node 5 to the OPEN list. Update v; = [—0.2, 0.3, —0.1]%,

&1 = 0.04. Since & < UPPFER, goto step 3. This leads us to node 2. Add node 4 to the end of the

OPEN list. Then, since the next level is the bottom level, from step 3, we know node 3 gives better
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result than node (1,1, —1). Therefore, without changing the OPFEN list, we go to node 3 (which is
the first feasible solution and, as shown later, it also corresponds to the D-DFD solution.) and update
UPPER = & = 2.64. In step 6, we pick node 4 from the end of the OPFEN list. Go to node 5, and
obtain & = 2.63 < UPPFER, which means that node 5 is a better solution. Update UPPER = 2.63
and pick node 6 from the OPFEN list. For node 6, since & = 17.6 > UPPER, we drop this node.
Now the OPFEN list is empty, the algorithm stops and reports node 5 as the optimal solution.

The above algorithm is a branch and bound method with depth-first search. The computational cost

K(f§+1) L[;_l) additions. In step 3), since by, can only take known

for step 1) is multiplications and
discrete values, by L can be precomputed and stored; hence, only K — k + 1 additions are needed to
obtain vg. Step 5) needs 1 addition and 1 multiplication. Notice that step 1) is outside the branch
and bound search. To update the lower bound for a node on level K —k+1 (k =1,...,K), only k + 1
additions and 1 multiplication is needed. In addition, the computation for finding the first feasible
solution (also the optimal solution in the noise-free case) requires ﬁ@ multiplications and K (K +1)
additions.

Proposition 1: The first feasible solution obtained from the above depth-first search is the solution
of D-DFD method.

Proof: From step 3), when we branch, we first go to the node with a smaller lower bound value. In
the above branch and bound method, suppose (b1, ..., bx_1) has already been fixed by the branch, the

choice of b for the branch and bound method can be described by

b — arg min (b—H )T H0Ob - H'y)
by € {—1,+1}
bpy1,- b € (—o0, 00)

by = b (13)

Notice that in (13), (b, ...,bx_1) is fixed and we only have a binary constraint on b;. The choice of

by, for D-DFD method, however, is given by

b= arg min (b— H ) H(b— H ')

bi,....b K €(—00,00)

by — sign(?)k) (14)

Figure 2 shows the difference between the above two choices. The ellipses here represent the level
curves of the objective function. For the D-DFD method, the decision on by is made by comparing
the lengths |[AO| and |[BO|. While for the proposed branch and bound method, the decision on by is
made by comparing the lengths |CO| and |DO|. Since the triangles AOC and BOD are similar, (13)

and (14) are equivalent.



Fig. 2. Comparison of D-DFD and Branch-Bound decisions on by,

Example 1 - continued : In the above example, on node 1, the user expurgated channel for the

D-DFD method is represented by
3.0 1.6 b n
2 n 2 (15)
1.6 2.0 bg g

2 0.85
{ygl_[057 -
According to (14), the decision on by for D-DFD is made by
-1
5[3016] {{u%]_{&%]}
1.6 2.0 0.75 0.57
B 0.22
{—009]

by = sign(by) = 1 (16)

which is consistent with the depth-first direction of branch-and-bound algorithm. However, as shown
in the example, D-DFD method failed to find the optimal solution.

Recall that in the branch and bound algorithm, the computational cost required to obtain the first
feasible solution (also the solution of D-DFD) is much less than the computational cost of a conventional
linear detector. Evidently, any further computations will result in better accuracy than the D-DFD

(unless the D-DFD is already optimal).

IV. “ANY-TIME” SUBOPTIMAL ALGORITHM

Although the average computational cost may not be very high, the computation for the worst case
is still exponential in the number of users since the ML solution is generally NP hard. Hence the
optimal algorithm is not implementable when the number of users is large. When a strict limitation
on computational cost exists, the “current-best” solution in the above branch and bound method can

serve as a sub-optimal alternative to the NP hard optimal solution.
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Define the sub-opimal detector that explores the sub-tree under and including level K — &k + 1 to be
¢k (k=1,...,K). From the above analysis of the computational cost, the worst-case computation

for ¢ppp_; is given by

K(K +3)

Multiplications < +3x2k 1 -2

Additions < K(K + 1) +5%2*
_(k+3)(k+4) (a7

2
To derive the Symmetric Energy (SE) measure for ¢pp_y, define P(i|1,...,72— 1) to be the event that
the decision on user i is correct (¢ = 1,..., K — k), given all the decisions on users j < i are correct.

Consider the ML solution (9). Substitute (1) into (9), denote the true source signal by by, to obtain

buyr:b = argbe{irll’i}rll}}( HLb — L—lTyH
—ang_min | (b~ bo) — 717
—arg min | L(b — bo) — 7] (18)
Since E[nn!] = 0?H, we have E[an’] = o%I. Thus, 2 can be viewed as K independent zero mean

Gaussian noise variables with covariance matrix o2/. Assuming that the decisions on (by, ..., b;_1) are

correct, the lower bound &; can be expressed as

i i—1
&= (D;— ;)" = Y7} + [Lu(bi — boi) — s (19)
Jj=1 j=1
Since 7 is Gaussian with a covariance matrix o2/, P(i|l,...,4 — 1) is given by
| Lii]
o

P(ill,...i — 1) = Q(1=2) (20)

Also, similar to (8), define the minimum distance among users K — k + 1,..., K by

Qin—tc = min el'He (21)
e € {-1,0,1}% — {0}
€1y 1 =0
Given that the decisions on users 1, ..., K — k are correct, the group detection error of ¢ppp_; can be

approximated by

dmm—
P(K—k+1,. K|l .,K—k)~Q iy (22)

g

Therefore, the overall group decision error of ¢pp_; can be expressed as

a(Zhyp - gt 2

g

PjBB—k ~1— { H
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The SE is then given by
Bonnr) = _min_(Ld2 ) (24)

i1 Ymin—k

=1,...,

Furthermore, from the definitions of (21) and (8), we have

E(épp—x) can then be denoted by

E(¢pp_r) = min(d2,,, mi% kLzQz) (26)

=1,...

Evidently, the performance and even the average computational cost of the above sub-optimal
method are also affected by the detection order of the users. For the D-DFD method, a user or-
dering algorithm is proposed in [13] as follows,

Order Algorithm: Order users as follows: select the first user in the new order (denote this user’s
index as i) as

iy = arg min [H™Y);; (27)

i=1,..,K
For £ = 2,..., K, form a new matrix H to be part of H that only contains the components {H;;}
(1,5 € {{1,..., K} —{i1, ...,i,_1}}). Find

3 — ] ] _1 ..
1, = arg j:LfI’lIl(n_kJrl[H 1 (28)

and let 5 equal to the user corresponding to .

Proposition 2: When ordering users by the order algorithm, the Symmetric Energy E(¢ppp_j) of
all k =1, ..., K are maximized simultaneously.

Proposition 2 states that the order defined by the order algorithm is optimal for all the proposed
sub-optimal detectors as well as the D-DFD. See appendix for the proof.

V. SIMULATION RESULTS

According to (17), the computational complexity for the sub-optimal detector ¢pp_i is exponential
in k. However, since we assume H to be known, the SE of the proposed “current-best” sub-optimal
solutions can be found offline by (26). The following simulation results show that, in some cases, a
small amount of extra computation can significantly improve the performance of the system, when
compared with the ¢p_ppr (Which is the same as ¢pp_1).

Example 1 - continued: In the previous example, since users 2 and 3 are strongly correlated, we
expect that F(ppp_s) will be a significant improvement over F(¢p_pr). The SE for different detectors
can be obtained via (7) (26), E(¢nmr) = 1.8, E(¢pp—2) = 1.8, E(¢p-pr) = 1.69. The simulation result

is given in Figure 3, which is consistent with the theoretical analysis.
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Fig. 3. Performance of various methods (3 users, 10000 Monte-Carlo runs)

Example 2: Now suppose we have 50 users. We use binary signature sequences of length 55.
The signature sequences are generated such that 5 — 10 users are correlated with each other (The
maximum correlation among users is set to be around 0.85). The energy of each user is generated
randomly between [1,4.5]. In these cases, the proposed sub-optimal algorithm outperforms the D-
DFD method significantly. In the situations when only a small number of users are correlated, the
sub-optimal algorithms can even reach the performance bound of the optimal detector with marginal
increases in computational cost over the D-DFD method. Figure 4 shows the simulation results of
one of these examples. The comparison of the computational cost for the group detection of different

algorithms is given in Table I.

10 [~

16" |

Probability of Group Detection Error

CDD
10 S CDD—DF
CDBB—S

17 175 18 185 19 195 20
SNR (db)

205 21 215

Fig. 4. Performance of various methods (50 users, spreading factor 55, 10000 Monte-Carlo runs)

Example 3: In another 8 user example, the H matrix is randomly generated as
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¢p ¢p-DF bBB-5
SNR || x + X + X + X +
(db) Average Maximum
17 2500 | 2450 || 1325 | 2550 || 1320.1 | 2568.5 | 1366 | 2674
185 || 2500 | 2450 || 1325 | 2550 || 1320 | 2568.1 | 1366 | 2674
105 || 2500 | 2450 || 1325 | 2550 || 1320 | 2568 | 1366 | 2674
211 || 2500 | 2450 || 1325 | 2550 || 1320 | 28568 | 1366 | 2674
218 || 2500 | 2450 || 1325 | 2550 || 1320 | 28568 | 1366 | 2674
TABLE 1

COMPARISON OF COMPUTATIONAL COST (50 USERS, SPREADING FACTOR 55, 10000 MONTE-CARLO RUNS, X =

NUMBER OF MULTIPLICATIONS, + = NUMBER OF ADDITIONS)

3.0 —-0.4 1.4 —-0.5 0.4 —-0.3 0.3 —0.6
—0.4 1.9 —-0.8 0.0 0.7 0.6 —-0.5 0.2
1.4 —-0.8 2.8 —-1.8 0.8 —0.0 0.0 —-0.3
—-0.5 0.0 —-1.8 2.6 —-1.6 —0.6 —0.6 —-0.3
0.4 0.7 0.8 —1.6 2.2 1.2 —0.0 0.2
—-0.3 0.6 —-0.0 —0.6 1.2 1.4 —0.0 0.2
0.3 —-0.5 0.0 —0.6 —-0.0 —0.0 1.2 —-0.2
—0.6 0.2 —-0.3 —-0.3 0.2 0.2 —-0.2 1.0

The users have already been ordered by the order algorithm. The Symmetric Energy for the ML

detector is
E(pur) = do, = 1.0 (29)

The SE for various sub-optimal detectors are (for F(¢pp_1) through F(¢pp_7))
{0.87,0.87,0.87, 0.87, 0.87, 0.89, 1.0} (30)

In this example, the computational cost for improving the performance from D-DFD is high. In
addition, even the SE of the ML detector does not differ much from that of D-DFD. Hence, D-DFD is

an efficient detector in this case. Figure 5 shows the probability of error for group detection.

VI. CONCLUSION

The proposed branch-and-bound algorithm shows that, in addition to the D-DFD method, there
exists a class of sub-optimal methods that provides “any-time” sub-optimal solutions to the user.
Given a CWMA system, the performance (measured by the Symmetric Energy), the computational
bound and even the distribution of computational cost for the proposed sub-optimal algorithms can
be estimated offline via (17) and (26). In addition, the detection sequence provided by the order

algorithm is proved to be optimal for all the sub-optimal algorithms. The proposed algorithm can be
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Probability of Group Detection Error

15 155 16 165 17 175 18 185 19
SNR (db)

Fig. 5. Performance of various methods (8 users, 10000 Monte-Carlo runs)

easily extended to finite-alphabet signals instead of binary ones. The proposed computational method
can also be easily extended and applied to group detection [7|, and applied to the two-path tree search
algorithm [14], which are the focus of future study.
APPENDIX
I. Proor or THE OPTIMAL DETECTION SEQUENCE

To simplify the proof, we will first derive 2 useful lemmas.

Lemma 1: Suppose H — L'L is partitioned on two arbitrary diagonal elements as

Hy HY, HE
Hy Hy Hj

Hsy Hsy Hss
T
Ly O 0 Ly O 0
= | Ly Ly O Ly Ly O (31)
Lsy L3y Las Lsy Lsy L3

For any permutation matrix P of the same size as Has, if

1 0 0][Hy HE HET[I 0 0
0 P O|| Hy Hyp HL||0 P 0

0 0 [ Hsy Hsy Hss 0 0 I

~ T ~
Ly O 0 Lyy O 0

= | Ly Ly 0 Loy Ly 0 (32)

L3y Lsy Lss Ly Lsy Lss



then the following results hold.

L Loy = PLY, Loy P

Proof:

From (32), we obtain

LiyLay + L3 Loy + Ly Ly

— LA Ly ¢ L Loy + L sy

LY Loy + LY Ly = PLY, Loy + PLE Ly,
LE Loy + L Loy = PLY, Loy P+ PLL, Loy P
LE Ly = LE Ly

LE Ly = LE Ly P

LisLss = LigLas
Substitute the last 3 equations into the other ones to obtain

L\ Ly + Ly Loy = Liy Lny + L3, Ly
L Ly = PLL, Ly

LE Ly = PLL, Ly P

Lz = L

Substitute the second and third equations into the first one to obtain
L{iLy = Lf Ly

Hence LLemma 1 holds.

Lemma 2: Suppose H, H and H are K x K symmetric and positive definite matrices, and
H=H+ 0

Assume the Cholesky decompositions for H and H are, respectively,

H=I"L
H-=I"L

14

(33)

(34)

(35)

(36)

(38)
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Then, the following result holds for the diagonal elements of I and L

Proof:
o It is obvious that Lemma 2 holds for 1 x 1 matrices.
« Suppose Lemma 2 is true for (n — 1) x (n — 1) matrices.
Suppose matrices H, H are of size n x n. Partition H , H and their Cholesky decomposisions on

the last diagonal element as

- - - -1 - -
Hy, HE | I O Li; O

| Hy1 hay | | Lor Iy | | Lo Do |

. A - T ¢ - 1
Hy, HE | Lu O Li; O

i Hy ha | i Ly Ix 11 Ly In |

(40)

Here hg, ﬁgg, 59 and l~22 are scalars. Since H is positive definite, we can find a positive definite

matrix H with the Cholesky factor L (also partitioned on the last diagonal element) that satisfies

- - - T -
oy HL ] [ Lu 0 Lu 0
| Hy o ha Lyt ly Lyt ly
- AT
LH 0 L11 0 B
| Lo Iy | Loy Iy
(In 0] i
0 . 0
ST agem | Y (41)
| Lo Iy | Loy Iy
Using the fact that 12, = 12,(1 + i2,), we obtain
- o o 1 -
'Ly = L% [I + LA Ly + L3 Ly (—1 " l§2)] L (42)

Therefore, according to the above assumptions and since 12, >= ng, Lemma 2 also holds for n x n
matrices.
The proof is complete.
With the help of lemmas 1 and 2, the order algorithm can be equivalently stated as follows.
Equivalent Order Algorithm: Order users as follows: Among all the permutation matrices P,
find the matrix P, and the concomitant Cholesky decomposition matrix LTI = P,HP, such that L,
is maximized. Select the first user in P H Py to be the first user of the new order (denote this user’s

index as i1).
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For k = 2,...,K, form a new matrix H to be part of H that only contains the components {H;;}
(1,7 € {{1,..., K} —{i1,...,3k—1}}). Among all the permutation matrices P of compatible size, find the
matrix Pk and the Cholesky decomposition matrix ITL = pkﬁ Pk such that f/11 is maximized. Set the
kth user of the new order to be the first user in pkﬁpk (denote this user’s index as iy).

Proof of equivalence: Firstly, for any permutation matrix p, we have

Hence
71 — i D1 P11 ..
§=1 e, K—k+1[H Jis 7j:1’_1__r’1[1(11_k+1{[PHP] Yii (44)
Secondly, since [L71];; = L%l and
%%1 :[A_lﬁl
={[PHP| "}y

The equality holds when P = pl, which means that the above order algorithm is equivalent to the one
in (27) and (28).

We are now ready to prove proposition 2. Denote the detection sequence determined by the order
algorithm as S. For an arbitrary detection sequence S, define ]\Jf — ming(| L1, ..., | L;;]) and define S;
to be the jth user in the sequence. The following proposition gives a stronger result than proposition
2.

Proposition 3: For any detection sequence S, suppose S differs from S and their first difference

begins at user 7, that is,

Sy = S1,., 821 = Siq
S #Si (46)
There exists a sequence S that is identical to S on at least the first i users, (5’1 = S1,...,8 = S;) and
satisfies,
My > MP Vi€ [l K] (47)
Proof: Accroding to (46), we can find j > i, that S'j — S;. Construct S as,
1) Let S=28
2) “Move” S'j to S;, which gives S; = S'j = 5; and {S’Hl, ...,S'j} = {S’z, ...,S'j_l}.

Suppose the Cholesky decompositions corresponding to detection sequences S and S are

PHP = L'L (48)
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respectively. Partition L and L on the i — 1 and the jth diagonal elements as

[ Ly 0 0 ]
L= | Ly Ly O
| Ly Lsx Las |
[ Iy 0 0 ]
L= | 1Ly Ly O (49)
| Ly Lsy Ly |

According to (46), Lemma 1, and the construction of S’, it is easy to see I~/11 = I:H and I~/33 = ﬁgg.

Define
C = Ly (50)

Partition C' on the first diagonal element, and C on the last diagonal element as

G| O 0
i Ca1 Caz
. [en o
o=t (51)
| Co1 O
Notice that ¢9y and ¢11 are scalars. According to Lemma 1, we have
_ T
611 0 611 0 B
i Cor Caa Cy Cha
_ - T . .
0 1 Ciu O Cii O 0 I
10 Cyr G Cor Coa 10
(52)
which gives,
C'QTQC'QQ = C'lTlén + C'QTlC'm (53)

From Lemma 2, we know that the diagonal elements of Chy is larger than or equal to the corresponding
diagonal elements of Cii. In addition, according to the equivalent order algorithm and the construction
of S, é1q > (The upper left component of C’H). Recall Ly; = Ly; and Lg3 = Lag in (49), it is evident
that (47) is satisfied.

The proof is complete.
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