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Abstract— The Group Decision Feedback (GDF) detector
is studied in this paper. The computational complexity of a
GDF detector is exponential in the largest size of the groups.
Given the maximum group size, a grouping algorithm is
proposed. It is shown that the proposed grouping algo-
rithm maximizes the Asymptotic Symmetric Energy (ASE)
of the multiuser detection system. Furthermore, based on
a set of lower bounds on Asymptotic Group Symmetric En-
ergy (AGSE) of the GDF detector, it is shown that the
proposed grouping algorithm, in fact, maximizes the AGSE
lower bound for every group of users. Together with a fast
computational method based on branch-and-bound, the the-
oretical analysis of the grouping algorithm enables the offline
estimation of the computational cost and the performance of
GDF detector. Simulation results on both small and large
size problems are presented to verify the theoretical con-
clusions. All the results in this paper can be applied to
the Decision Feedback (DF') detector by simply setting the
maximum group size to 1.

Keywords— Multiuser detection, decision feedback, opti-
mization methods, code division multiple access.

I. INTRODUCTION

N synchronous Code Division Multiple Access (CDMA)

communication systems, the near-far problem caused by
the interuser interference has been widely studied. With
the additive white Gaussian noise assumption and when
the source signal is binary- or integer-valued, the conven-
tional detector does not produce reliable decisions for the
CDMA channel [?]. The computation of the optimal detec-
tion, however, is generally NP-hard and thus is exponential
in the number of users [2], unless the signature wave form
correlation matrix has a special structure [10] [9]. Several
new algorithms have been proposed to provide reliable so-
lutions with relatively low computational cost. Among the
sub-optimal algorithm groups, the decision-driven detec-
tion methods, including decision feedback (DF) [5] [11],
group detection [6], and multistage detection [3] [4],
are popular. Although the DF method is simple and per-
forms well, there are situations when a marginal increase
in computation can provide significant improvement in per-
formance [12].

The main drawback of DF is that detections are made
for one user at a time; the decision on the strong user
is obtained by treating the weak users as noise. However,
when user chip sequences are correlated, this noise becomes
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biased, and thus is naturally harmful to the userwise de-
tection. The idea of sequential group detection was first
introduced by Varanasi in [6] and can be viewed as the
Group Decision Feedback (GDF) detector. GDF detector
divides users into several groups. The users with relatively
high correlations are assigned to the same group, and the
correlation between users in different groups are relatively
low. Similar to DF detector, GDF detector makes decisions
sequentially based on successive cancelation. However, in-
stead of making decisions on single user at a time, GDF
detector makes decisions groupwise, i.e., the decisions on
users in the same group (the correlated users) are made
simultaneously. The computational expense for a GDF de-
tector is approximately exponential in the largest group
size, and this is expected to be small if the largest group
size is small.

In [6], the sizes of the groups are design parameters.
However, in practice, given a user signal set, it is not easy
for one to find the correlated users and assign them to
groups. Since the largest group size is closely related to the
overall computational cost, in this paper, we consider the
largest group size as the only design parameter. A group-
ing and ordering algorithm is proposed to find the optimal
size and users for each group. Theoretical results are given
to show the optimality in terms of the Asymptotic Sym-
metric Energy (ASE). Together with a fast computational
method modified from [12], the proposed GDF detection
method provides an efficient way to improve the DF detec-
tion with marginal increase in computational cost. Simula-
tion results on small and large size problems are presented
to verify the theoretical conclusions.

The rest of the paper is organized as follows. In section
II, we review the problem model and the theoretical results
on the performance measure given in [6]. In section III,
given the largest group size, a grouping and ordering al-
gorithm is proposed to maximize the ASE of the system.
Proof of optimality is given in the appendix. A fast com-
putational method is proposed for the GDF detector and a
theoretical upper bound on computational cost is derived.
Simulation results on a small example as well as on a sys-
tem of 100 users are presented in section I'V. Conclusions
are provided in section V.

II. PROBLEM FORMULATION AND PERFORMANCE
MEASURE OF GDF DETECTOR

A discrete-time equivalent model for the matched-filter
outputs at the receiver of a CDMA channel is given by the



K -length vector [2]

y=Hb+n

(1)

where b € {—1,+1}¥ denotes the vector of bits transmit-
ted by the K active users. Here H is a nonnegative definite
signature waveform correlation matrix, n is a real-valued
zero-mean Gaussian random vector with a covariance ma-
trix o2 H. It has been shown that this model holds for both
baseband [2] and passband [11] channels with additive
Gaussian noise.

When all the user signals are equally probable, the opti-
mal solution of (1) is the output of a Maximum Likelihood
(ML) detector [2]

(b" Hb — 2y" b)

min
be{-1,+1} ¥

¢mrL: b=arg (2)
which is generally NP-hard and exponentially complex to
implement.

The sequential group detection based on the idea of suc-
cessive cancellation was first introduced by Varanasi in
[6]. Suppose users are partitioned into an ordered set of
P groups, Gg,...,Gp_1. The number of users in group
G, is denoted by |G|, and naturally /" |Gy = K. The
decision on group {Go} is made by

min (b" Hb — 2y” b)
bGO

3)

b, = arg min
0 by e{—1,+1} 50l

where bg, denotes the part of vector b that corresponds
to users in group Go, and Gy denotes the complement of
Gy, i.e., the union of Gy,...,Gp_1. The decisions of (3)
are then used to subtract the multiple-access interference
due to users in Gy from the remaining decision statistics
Ya,- The detector for the next group G is designed un-
der the assumption that the multiple-access interference
cancelation is perfect. This process of interference cance-
lation and group detection is carried out sequentially for
users in groups Ga,...,Gp_1, with the group detector for
group G; taking advantage of the decisions made by group
detectors for Gy, ...,G;—1. Denote the channel model for
the user expurgated channel that only has users in groups
Gi,. ..,Gp_l by

¥ = FHOBD 4 ) (@)

The decisions on group G; can be represented as

BG: m IV

. = arg in min
‘ b e{—1,+1}Gil | BX
G4 ’ G,

( SORS OFSONP WO b@)]
(5)
In multi-user detection, the Asymptotic Symmetric En-
ergy (ASE) is an important performance measure. Define
the probability that not all users are detected correctly as
P(o,¢), then the ASE for the detector ¢ [11] is given by
< ¥
)

n(¢) = sup {e > 0; lim Plo (6)

L e (¥)

2

where ¢ is the additive noise variance (see (1)), and

w2
Qx) = fIOO 71276_7d1:. The ASE for the optimal detector
¢mr is given by

2 : T

n(Sumr) = dmin = i € He (7)
where d,, i, is known as the minimum distance of matrix
H [8] and “\” is the set subtraction.

Similarly, we can define the Asymptotic Group Symmet-
ric Energy (AGSE) for each user group. For a group detec-
tor, define the probability that not all users in group {G:}
are detected correctly as Pg, (0, ¢), and correspondingly we
have

as the AGSE for group {G;}. Although an exact perfor-
mance analysis of GDF detector is intractable [6], one
can obtain upper and lower bounds for the AGSE of all
groups. In the above description of the GDF detector, de-

fine J® — [H(i)fl} , and denote J(C?L'Gi

of J® that only contains the columns and rows correspond-

ing to users in G;. Define dg, min to be the minimum dis-
. —1

tance of matrix (J(CEZGU) , Le.,

to be the sub-matrix

(@)

2 min el (JG_G,
ec{—1,0,1}1Gi\ {0} I e

G; min —

)7l e (9)

Then the AGSE for group G; can be bounded by

min(déo,mina ey déz,mzn) < Ulen (¢) < d2 i,min (10)

A similar result can be found in [6]. The upper bound in
(10) is reached when all decisions on the users in group G
through group G;_; are correct.

III. OPTIMAL GROUPING AND DETECTION ORDER FOR
GDF DETECTOR

It is known that the performance of the decision-driven
multi-user detector is significantly affected by the order of
the users [?]. Since the overall computation for GDF de-
tector is exponential in the maximum group size, which
is defined by |G|maz = max(|Gol,...,|Gp_1]), in this sec-
tion, we develop a grouping and ordering algorithm that
maximizes the ASE of the GDF detector given |G|qz as
a design parameter.

Denote the Cholesky decomposition of H by L L = H,
where L is a lower triangular matrix. Multiply both sides
of (1) by (L=1)T to obtain the white noise model [5]

(LHTy=Lb+ (L™ H)Tn (11)

Define y = (L™Y)Ty, i = (L™1)T'n, partition the matrices
and the vectors according to Gy and Gy to obtain
R o | o R s
= + | -
Lgyao bg, ng,

Laya,

[ Ya,
LGQGO

Yao

] (12)



Since Lg g, is a full rank matrix by assumption, the deci-
sion on group Gy in (3) can be written as

bc, = arg min (13)

~ 2
bg,e{—1,+1} G0l HLGOGO bGO - yGOHQ

Therefore, the AGSE of group Gy is determined by the
minimum distance of matrix LgoGOLGOGO' Since H = LT'L,
we have

T —1 -1 0 -1
LG()G()LGOGO = [(H )GOGO] = {JEJ())GU}

nco(baprp) = iy min (14)

A similar result can be obtained for group G;. In the de-
scription of GDFD in section II, if we let H®) = L))" L)
T . i - . i) .
then L(l)GiL(z)Gi = (J(szcl) Since H® is the south-
east sub-diagonal matrix of H, L(” is the south-east sub-
diagonal matrix of L and L, = Lg,. Hence,
T @ \!

LGiGiLGiGi = (JGiGi) (15)
The above result shows that dg; min is determined by the
diagonal block-matrix Lg, of L. Now, given all the deci-
sions on group Gy to group G;_; are correct, denote the
probability that not all the users in group G; are detected

correctly by P,(G;|Go,...,Gi_1) ~ Q (dG' m"). The prob-

(o2

ability that not all the K users are detected correctly can
be represented as

P—1

dG' min
P ~1_— _ 26, man
woy=1-1] [1-e(®=)] g
i=0
Therefore, the ASE of GDF detector is given by
77(¢GDFD) = min(déo,mina neny dépfl,min) (17)

Since |G| mqs I8 given as a design parameter, the problem is
then to find an optimal partition and detection order that
maximizes min(dg, i d& | min)- Notice that differ-
ent GDF detectors may have the same |G|, 4. but different
numbers of groups since P is not a design parameter.
Grouping and Order Algorithm : Find the optimal
grouping and detection order via the following steps.
Step 1: Partition the K users into two groups {Go} and
{Go} with |Gy| < |Glmaz- Among these partitions
({Go} and |Gy| are not fixed), select the one that maxi-
mizes dgg,min (which is the minimum distance of matrix

-1
{Jg)gGo} )
Step 2: Partition the remaining K — |G| users into two
groups Gy and Gy with |G1] < |G|maz. Among these par-
titions, select the one that maximizes dg, min-
Step 3: Continue this process until all the users are as-
signed to groups.

Example 1 : The algorithm is illustrated by the follow-
ing 4-user example. Suppose the H matrix is given by

" 430 1.00 0.60 0.30 '|

100 300 1.70 050

H= 060 170 220 070 (18)
030 050 070 190

Assume that the desired maximum group size is |G|mae =
2. In step 1 of the algorithm, the possible choices for group

Go and the resulting déo min are shown in Table I. The

User (s) 0 1 2 3 0,1

dén,min 396 | 1.62 | 1.14 | 1.67 | 1.69

User(s) | 0,2 | 0,3 | 1,2 | 1.3 2,3

dQGn,min 1.14 | 1.68 | 1.74 | 1.62 | 1.24
TABLE 1

DIFFERENT CHOICES OF GROUP Gy AND THE CORRESPONDING

d2Go min

best choice for group Gy is {user 0}. Then, for the user
expurgated channel, we have

3.00 1.70 0.50
HY = | 170 220 070 (19)
050 0.70 1.90

The possible choices for group G'1 and the resulting da, min
are shown in Table II. We can see that the best choice for

User(s) 1 2 3 1,2 | 1,3 | 2,3
a2, . [1.69 | 1.14 | 1.68 | 1.78 | 1.68 | 1.24
TABLE 11

DIFFERENT CHOICES OF GROUP (G1 AND THE CORRESPONDING

dGl,min

group G; is {user 1, user 2}. Naturally {user 3} will be
the last group. The resulting ASE for this partitioning and
ordering is n = 1.78.

Note that the above example has 4 users and |G| 40 = 2.
One may think that partitioning users into 2 groups with
2 users in each group is a good choice. However, since user
0 is a strong user, it has to be detected first. And since
user 1 and user 2 are seriously correlated, they have to
be assigned to the same group. If, for example, we assign
two groups as {user0,user3} and {userl,user2}. As a
punishment of detecting the weak user (user 3) first, we
get n = 1.68 < 1.78.

Proposition 1 : The proposed grouping and ordering
algorithm maximizes the ASE in (17).

See Appendix for the proof.

The proposed grouping and ordering algorithm is also
optimal in the following sense.

Proposition 2 : The proposed grouping and ordering
algorithm maximizes the performance lower bound in (10)
for every group. In other words, suppose G is the grouping
and ordering result obtained from the proposed algorithm,
and Gy is one of the groups in G. Further suppose there
is another group and detection sequence G with G, being
one of the groups in G, and G; = G. Then the following
result holds,

min(d A%, min) > min(d

2
Gy min’ """ 7dGl,min)

(20)

2
Gy,mins *



See Appendix for the proof.

In addition to the above 2 propositions, we can derive
a fast computational method for GDF detector, which is
a modified version of the method proposed in [12]. We
propose the following steps for the group detection.

Computational Method for GDF Detector: Sup-
pose the GDF detector has P groups, Gy, ..., Gp_1
1) Initialize 3 = (L7')Ty, L) = L. Let i = 1;
2) Form the white noise system model for the userexpur-
gated channel, and partition the vectors and matrices ac-
cording to group G; and its complement G; as

) . o b 0
~< =] LG o b“) + (z) (21)
Gz GiG; GiGi Gi
Find the decision on group G; by
i)G. = arg min )Lg-g-bc .Yg) ’ (22)
i bGiG{fl,Jrl}‘Gil il % il
3) Compute O+ by
y(z+1) ( ) L(’) i)Gi (23)
Let .
(i+1) _ G
L =Lg s (24)

4) Let i=1i+1. If i < P, go to step 2; otherwise, stop the
computation.

The computational cost for step 1 is ﬂ%l multipli-
cations and ﬂ%)- additions. Assume the computational
cost for step 2 can be bounded by

xS M(IGH) o, +7 < S(Gi) (25)
where “x” denotes the number of multiplications and “+”
denotes the number of additions. In step 3, since b can only
take known discrete values Lb can be precomputed and
stored. Thus, only |G; |Zk_z+1 |G| additions are needed.

Therefore, the overall computational cost is bounded by

P-1
K K+ 1)
“e < = Z |Gk|
« 9 K(Ki ]‘) gl —
= S(|Gx|) + |G| 'Z G,
k=0 j=k+1

(26)

IV. SIMULATION RESULTS

Example 1 - continued : In the previous 4-user exam-
ple, n(¢gprp) = 1.78. The ASE for optimal DDFD and
the ML detector can be obtained from [11] asn(dpprp) =
1.69 and n(¢prr) = 1.8. The simulation results are shown
in Figure 1, which are consistent with the theoretical analy-
sis.

Example 2 : Suppose we have 100 users. The signa-
ture sequences for each user are binary and of length 115.
They are generated randomly. The maximum group size
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Fig. 1. Performance of various methods (4 users, 10000 Monte-
Carlo runs. ¢p is the conventional decorrelator; ¢p_ pg is the
decorrelation-based decision feedback detector; ¢gpprp is the
group decision feedback detector with |Glae = 25 and ¢prr
is the maximum likelihood detector.)

is assumed to be 3. Figure 2 shows one of the simulation
results. The respective computational costs for the three
detectors are

1035} “x 7”7 =10000 “+7” =9900
¢p-prp “x7=5050  “+7 =9900 (27)
éGpFD X7 =5320 “+4+” =10020

Benlifiting from the optimal grouping and the branch-and-
bound-based computational method, GDFD shows a sig-
nificant impreovement on the performance while the com-
putational cost is even less than that of the conventional
decorrelator. Due to the NP-hard nature of the optimal
ML detector, the results on optimal detector could not be
computed.
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Fig. 2. Performance of various methods (100 users, 10000 Monte-
Carlo runs. ¢p is the conventional decorrelator; ¢p_ pg is the
decorrelation-based decision feedback detector; ¢gprp is the
group decision feedback detector with |G|maz = 3)



V. CONCLUSION

An optimal grouping and ordering algorithm for Group
Decision Feedback Detector is proposed. Together with a
fast computational method based on the idea of branch and
bound, the proposed algorithm provides a systematic way
of improving the Decision Feedback Detector, especially
when correlation exists among the users. Simulation results
show that GDF detector with the optimal grouping and
ordering algorithm provides a significant improvement over
DF detector, while the increase in computational cost is
marginal and even negative in some cases. The proposed
method can be easily extended to finite-alphabet signals
instead of binary ones.

APPENDIX
I. PRE-PROVED LEMMAS

Before proving the propositions in this paper, we present
the following three lemmas that will be used in the proof.

Lemma 1: Suppose H = LTL is partitioned on two
arbitrary diagonal elements as

T
Hy H | _[Lu O L, 0 (28)
Hy1 Hpj Loy Lo Ly; La2

For any permutation matrix P of the same size as Has, if

I 0 Hy, H3, I 0
0 P || Hy Hyo 0 P

— { Lu 0 ]T { Ln 0 } (29)
Loy Loo Ly; Lo
then the following results hold.
Ly =1L , igTzizz = PLL, Ly P (30)

The proof is quite straight forward and is therefore ig-
nored in this paper. O

Lemma 2: Suppose H is a m X m symmetric and pos-
itive definite matrix. Suppose H = LT L is the Cholesky
decomposition. Partition H and L on the last (south-east)
diagonal component as

5]
Iy g

- L11 0

by

Now “move up” the last “user” to the first, denote the
action and the new Cholesky decomposition matrix by

T
h21

[ Hy i (31)

ha

0 1 H;, hi 0 I
I 0 hy1  hoo 1 0
el e
by Loo Iy Lo

Then matrix 1:_,2T2i22 — LT Ly, is non-negative definite.
Proof : Substituting (31) into (32) yields

~T ~
LyoLyy — LT L =11, >0 (33)

O

Lemma 3: Suppose L and L are two lower triangular
matrices of size m x m, assume that 'rL— f,Ti, > 0. Par-
tition L on an arbitrary diagonal component, and partition
L accordingly as

Lll 0 = .illl 0
L= L= ~ ~ 34
{ Ly Lo Loy Lo (34)
We have
=T =~ ~T ~
LILy— L1001 >0 , LLLy — LpI00>0 (35)

Proof : Since LTL — i,Ti > 0, we can find a lower
triangular matrix C which satisfies

L=1" (1+c’c) L (36)
According to (34), partition C as
Ci1 0
C= 37
{ Ca G } (37)
Substitute (34)(37) into (36) to obtain
T -
L},Ly; = Ly, (I+ C},Cs3) Ly,
~T ~
L{Ly; = Ly, (I+C{;C11) Ly + A (38)

where A is a symmetric non-negative definite matrix. The
proof is complete. O

Note that in Lemma 3, we can continue partitioning
the sub-diagonal block matrices, and apply Lemma 3 it-
eratively to get a result similar to (35) for an arbitrary
partition.

II. PROOF OF PROPOSITION 1

Denote the optimal group and detection sequence deter-
mined by the proposed algorithm as G, which has groups
Gy, ...,Gp_1. Denote the group decision feedback detec-
tor using detection sequence G by ¢g_aprp. The idea
of the proof can be summarized as follows. Suppose there
is another group and detection sequence G*), which has
(4)

groups Géi), Gy -

Without loss of generality, as-
sume Vj (0 < j <1i) G;l) = G, (The superscript (i) means
that the first ¢ groups in G are identical to the first i
groups in G).

Now construct a new group and detection sequence
GU* D, The groups of GtV are defined by

G§i+1) _ G§i) -G 0<j<i
ait = g,

) ; (39)
1+ _ 7 )
| ¢ =c" \a
J Jj— v

j=i

j>1

To simplify the notation, in the above construction, if

G;Hl) = NULL, we still keep group G?H) and define

dgety . = oo. Evidently, GU*D has one more group
P

than G(?. The following result holds for GU+1).



Proposition 3: If GU*Y is constructed according to
the above definition, then

(1) V5 (0<j <i), iy =d2
J ’ J
(2) dé(.H—l) ,min 2 dé(l) ,min.

(8) Vj(i<j< P(i))a dé(ul) i > dé(i)
P

,min

min

J-10
Proof : '

(1) For any j < i, the decision for group G§Z) is made by

treating the signal corresponding to Gﬁl, o Gg)(iLl as

noise and minimizing the probability of error in ML sense.
Therefore, any swapping of users within groups of index
larger than j will not affect the performance of ng). This
result can be formally proved by using Lemma 1.
(2) Since G;Z) = G;ZH) (Vj < 1), this result can be directly
obtained from the definition of the optimal grouping and
ordering algorithm.
(3) The proof for this part is relatively tricky. In fact, the
construction of GO from G can be divided into three
stages. Define the users in group G; as Ko, ..., K|g,|_1. For
the convenience of discussion, we first consider user Kj.
Stage 1 Suppose, in G, user K, belongs to group G;i)
(7 > 4). Define the the action “take out user K from group
ng),,7 which converts G(®) to G(51), as,

Y =gl k<
atsH _ .
v = {userKy} k=

. 40
G,(CSD = Gy) —{userKo} k=j+1 (40)

L alsn -, k>4l

Stage 2 Now in G5V | we have G;Sl) = {user Ky }. Define

the action “move up user Ky to follow group Ggfll)”, which
converts GV to G(52) | as follows,

&% =gV k<i
G(S2) o .
v = {userKy} k=1

41
G(SQ):G%S;ll) i<k<j (41)

k
le”:Gj” k> j

Continue performing the above two stages on all users K,
..., K)@;|—=1. Denote the resulting group and detection se-

quence as G(53), Denote the number of groups in G(53) by
P53,

Stage 3 In G9%, combine groups {K|g,|-1}, -, {Ko},
which converts G5 to GUt1) | as,

GED — G5 k<
G,(;Jrl) = {userKy,...,K|g; -1} k=1

(i+1) _ (S3) .
l G, 7G/€*|Gi|+1 k>

(42)

In the first stage, without loss of generality, suppose user
Ky is the first user in group Gy). The “take out” action
does not change the order of the users, thus the Cholesky
decomposition matrix L remains unchanged. This shows

that L _(s1).(sy is the south-east diagonal sub-block of
GG

L Therefore,

@) () -
G;'G;

& (s1) >d

2
G i ,min — G;i),min (43)
In the second stage, since the “minimum distance” of a
sub-block is the performance measure for the corresponding
user group given all the user groups with smaller indices
are correctly detected, putting more users into the detected
user list will result in a better performance and a larger
“minimum distance”. In fact, from Lemma 2 and Lemma

52 S1) . )

3, for any groups G,(C ) = G,(C_l), i < k < j, we have,
Lt L —rr L >0 (44
ofa Lo o ~ Lopnapybaep 20 ()

Therefore,
2 2
>

dGLSm ,min — ngchl),min (45)

Hence, in G@Y | for any j > i, d2, > d2,
’ ’ vzt G(.l+1),min - G;?l,mz’n’

J
which proves part (3) of proposition 3.
O
Based on proposition 3, suppose n(¢si+1)_gprp)

d . Then, we have

2
G;.H'l),min

n(é¢i+v—aprp) = MPaw—aprp) (46)
By iteratively using the above construction procedure in
the proof of Proposition 1, we will finally get G(¥) = @
and

n(écr-cprp) > 77(¢G<i>7GDFD) (47)
which completes the proof. O
III. PROOF OF PROPOSITION 2
In the above proof for proposition 1, let G =

G. Construct GG+ using the same procedure. Note

that G\ = G, = G4 and G, N G; = NULL
Therefore, in G(+1), we have Gl(fll) = Gj. Sup-

. 2 2 2
ose min(d” ; o deg = d* . From
b ( Géhq) ,min’ ’ Gl(itl) ,min) G§Z+1),min
Proposition 3,
. . 2 _ 2
o« If 5 < 4, we have dG(i“),mm = dG@ i 2
J i’
92 2
mm(déo,mm’ cee dé,,mm)'
. _ . 2 2
o« If j = 4, we have dG<i+1),min > dG(“ min >
3
) 2
mm(déo,mm’ cee dél,mm)'
. . 2 2
«If 5 > 4, we have dG;i“) min > de_)l’mm >
92 2
mln(déo,min’ Tt dé’l,min) :
Hence,
. 2 2 ) 2
mln(dGéiJrl),min’ o "dGl(itU,min) = mm(démmin’ © NG, min
(48)

By iteratively using the construction procedure, we will
finally get G¥) = G which satisfies

o, d2

G g, min

) > min(d?% s, d> )

Go,min TG ,min

(49)

2
mm(dGO’mm,.

Hence the proof is complete. O
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