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Abstract—In this paper, we investigate threshold effects associ-
ated with the swapping of signal and noise subspaces in estimating
signal parameters from compressed noisy data. The term threshold
effect refers to a sharp departure of mean-squared error from the
Cramér—Rao bound when the signal-to-noise ratio falls below a
threshold SNR. In many cases, the threshold effect is caused by
a subspace swap event, when the measured data (or its sample co-
variance) is better approximated by a subset of components of an
orthogonal subspace than by the components of a signal subspace.
We derive analytical lower bounds on the probability of a sub-
space swap in compressively measured noisy data in two canon-
ical models: a first-order model and a second-order model. In the
first-order model, the parameters to be estimated modulate the
mean of a complex multivariate normal set of measurements. In the
second-order model, the parameters modulate the covariance of
complex multivariate measurements. In both cases, the probability
bounds are tail probabilities of F'-distributions, and they apply to
any linear compression scheme. These lower bounds guide our un-
derstanding of threshold effects and performance breakdowns for
parameter estimation using compression. In particular, they can
be used to quantify the increase in threshold SNR as a function of
a compression ratio C. We demonstrate numerically that this in-
crease in threshold SNR is roughly 10 log,, C dB, which is con-
sistent with the performance loss that one would expect when mea-
surements in Gaussian noise are compressed by a factor C.

Index Terms—Co-prime sampling, Cramér-Rao bound, max-
imum likelihood estimation, mean squared error, random com-
pression, subspace swap, threshold effects.

I. INTRODUCTION

HE performance of many high resolution parameter
estimation methods, including subspace and maximum
likelihood methods, may suffer from performance breakdown,
where the mean squared error (MSE) departs sharply from
the Cramér-Rao bound at low signal-to-noise ratio (SNR).
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Performance breakdown may happen when either the sample
size or SNR falls below a certain threshold [1]. The main reason
for this threshold effect is that in low SNR or sample size
regimes, parameter estimation methods lose their capability
to resolve signal and noise subspaces. As a result of this, one
or more components in the orthogonal (noise) subspace better
approximate the data than at least one component of the signal
subspace, which in turn leads to a large error in parameter
estimation [2]. This phenomenon is called a subspace swap.

A number of papers have studied subspace swap events and
threshold effects in the past. The first insights into subspace
swap events were established in [1], where the authors present
an analytical study of threshold effects in linear prediction
methods that use singular value decomposition (SVD) of a
data matrix for rank reduction. They present a procedure for
estimating the threshold SNR, and associate the threshold effect
with the probability of the event that a subset of components
in the orthogonal (noise) subspace better approximate the data
than at least one component of the signal subspace. Following
[1], the authors of [2] revisited the problem, introduced the
term subspace swap in describing the event observed in [1],
and derived analytical lower bounds on the probability of
a subspace swap in the data matrix. The lower bounds are
tail probabilities of a weighted sum of chi-squared random
variables, and are obtained by finding the exact probability
distribution of subevents of the event considered in [1]. In both
of these papers, the data follows a multivariate normal model
with an unknown parameterized mean vector, formed by a
superposition of complex exponential modes.

In [3], the authors predict the probability of a subspace
swap in the eigendecomposition of the sample covariance
matrix of multivariate normal measurements. The prediction
is asymptotic in the number of snapshots, but the dimension
of the data vector itself is fixed. As the number of snapshots
grows without bound, this prediction can be calculated as the
tail probability of a multivariate normal. Another asymptotic
study is presented in [4], where the authors study performance
breakdowns of maximum likelihood, MUSIC and G-MUSIC
algorithms for DOA estimation. In this study, both the array
dimension and the number of snapshots grow without bound
(at the same rate). Under these assumptions, the authors predict
the number of snapshots for which a subspace swap occurs.
Their numerical examples show that their predictions remain
valid even in relatively modest snapshot regimes. They show
that different mechanisms are responsible for the breakdown of
maximum likelihood estimation and MUSIC. While a subspace
swap is the main source of performance breakdown in max-
imum likelihood, even a small subspace leakage can lead to
performance breakdown of MUSIC in resolving closely-spaced
sources.
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Over the past decade or so, following first the introduction
of compressed sensing (see, e.g., [S]-[7]) and later co-prime
sampling (see, e.g., [8]-[12]), parameter estimation from com-
pressed data has become a topic of enormous interest in the
signal processing community. A large number of papers have
so far investigated both identifiability conditions (noise-free)
and performance bounds (in noise) in estimating parameters
from compressed noisy data, for a variety of linear compression
schemes. The analyses include bounds on £, norm of the error
(see, e.g., [S]-[7], [13], and [14]) as well as bounds on loss of
Fisher Information and increase in Cramér-Rao Bound due to
compression (see, e.g., [15]-[17]).

In this paper, we address the effect of compression on the
probability of a subspace swap. In other words, we ask what
effect compression has on the threshold SNR at which perfor-
mance breaks down. To answer this question, we follow the ap-
proach of [2] to derive analytical lower bounds on the proba-
bility of a subspace swap in parameter estimation from com-
pressed noisy measurements. These bounds provide the first
set of results on the impact of compression on subspace swaps
and threshold SNRs. We consider two measurement models.
In the first-order model, the parameters to be estimated mod-
ulate the mean of a complex multivariate normal set of mea-
surements. In the second-order model, the parameters modulate
the covariance of complex multivariate measurements. In both
cases, the probability bounds are tail probabilities of F'-distribu-
tions, and they can be used with any linear compression scheme.
Moreover, these bounds are not asymptotic and are valid in fi-
nite snapshot regimes. The bounds guide our understanding of
threshold effects and performance breakdowns for parameter es-
timation using compression. In particular, they can be used to
quantify the increase in threshold SNR as a function of a com-
pression ratio C. We demonstrate numerically that this increase
in threshold SNR is roughly 10 log;, C' dB, which is consistent
with the performance loss that one would expect when measure-
ments in Gaussian noise are compressed by a factor C'. This can
in turn be used to decide whether or not compression to a par-
ticular dimension fits performance constraints in a desired ap-
plication. As a case study, we investigate threshold effects in
maximum likelihood (ML) estimation of directions of arrival
of two closely-spaced sources using co-prime subsampling and
uniformly at random subsampling. Our MSE plots validate the
increase in threshold SNR.

Remark 1: There are a number of other papers that study
the performance breakdown regions of high resolution param-
eter estimation methods. These studies are based on perturbation
analyses of SVDs and do not directly analyze or bound proba-
bilities of subspace swap events. For example, in [18]-[20], the
authors carry out perturbation analyses of SVDs to study the
performance of subspace based methods for parameter estima-
tion, when subspace leakage happens between signal and noise
subspaces, and in [21] a method to reduce the subspace leakage
for the direction of arrival (DOA) estimation problem using
root-MUSIC algorithm has been proposed. Performance break-
down of maximum likelihood has been studied in [22]-[26] by
perturbation analysis using an asymptotic assumption on the
number of snapshots. Other relevant perturbation analysis pa-
pers include [27]-[29]. For problems with large arrays, large
random matrix theory (see, e.g., [30] and [31] for surveys of rel-
evant literature) provides powerful tools for analysis of perfor-
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mance breakdowns and threshold effects. For example, in [32],
the performance breakdown of subspace based methods is at-
tributed to the breakdown point of Principal Component Anal-
ysis (PCA) methods of signal subspace estimation, and tools for
studying the behavior of eigenvalues and eigenvectors of low
rank perturbations of large random matrices from [33], have
been used to predict this breakdown point. Although this study
does not provide exact lower bounds, it offers valuable insights
and great predictions for studying threshold effects in high di-
mensional settings.

II. MEASUREMENT MODEL

In the following subsections, we consider two models for the
random measurement vector y € C™. In the first-order model,
the parameters to be estimated nonlinearly modulate the mean of
a complex multivariate normal vector, and in the second-order
model the parameters nonlinearly modulate the covariance of a
complex multivariate normal vector.

A. Parameterized Mean Case

Let y € C™ be a complex measurement vector in a
signal plus noise model y = x(#) + n. Here, we as-
sume that n is a proper complex white Gaussian noise with
covariance ¢°I and x(@) is parameterized by 8 € CP,
p < n. We assume that the parameters are nonlinearly em-
bedded in x(#) as x(8) = K(f#)a, where the columns of
K(0) = [k(61) k(82) --- k(8,)] define the signal subspace,
and a € C7? is a deterministic vector of complex amplitudes
a;,i=1,2,...,p, of the modes. Therefore, y is distributed as
CN,,(K(0)a, o*T), and the parameters @ ¢ CP to be estimated
nonlinearly modulate the mean of a complex multivariate
normal vector. Assume we compress the measurement vector
y by a unitary compression matrix ¥ = (&)~ 1/2&, where
P € C™*", p < m < n. Then, we obtain w = ¥y which
is distributed as CV,,(z(8), *I), where z(8) = ¥x(8). We
form the data matrix W = [w;wsy---wyy|, where w;’s are
independent realizations of w. To specify a basis for the signal
subspace and the orthogonal subspace in our problem, we
define H(f) = ¥K(0) = [h(#,) h(8) h(8,)], with
h(8,) = ¥k(8,). The singular value decomposition of H is

H=UxVH (1)

where

Uecm™m . UUf =UHU =1
Vecrr.yVH =vivy =1
ecCmPY = {EP]
0

¥, = diag{o1,02,...,05), 012032 ...2 0 (2)
Now we can define the basis vectors from
U = [w,uy,...,upUp41,..., 0] = [Uy U], where

(U,) and (Uy) represent signal and orthogonal subspaces,
respectively. The columns of U, and Uy can be considered
as basis vectors for the signal and orthogonal subspaces,
respectively.

B. Parameterized Covariance Case

Assume in the signal plus noise model y = x + n, the signal
component x is of the form x = K(@)a, where the columns of
K(8) = [k(61) k(8;) --- k(8,)] are the modes and a € C?
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is the random vector of complex amplitudes of the modes. We
assume a is distributed as CN}, (0, Raa). Therefore, R, (6) =
K(8)R,.K"(8) is parameterized by 8 € CP. We assume n is
a proper complex white Gaussian noise with covariance 21,
and x and n are independent. Therefore, y is distributed as
CN,.(0,Ryy(0)), where Ryy(8) = K(0)Roo K7 (0) + 021
Such a data model arises in many applications such as direction
of arrival and spectrum estimation.

Assume we compress the measurement vector y by a
unitary compression matrix ¥ = (&) "1/2P, where
® ¢ C™*"(m < n). Then, we obtain w = Wy which is
distributed as

w ~ CN (0, Ryw) (3)

where Ryw = PK(0)Ra K7 (0)TH + 621. We form the
data matrix W = [wiwa - - - Wz |, where w;’s are independent
realizations of w. Each of these i.i.d. realizations consists of an
i.1.d. realization of y;, compressed by a common compressor ¥
forall i = 1,2,..., M. We may define the signal covariance
matrix after compression as

R.. = VKR, K (0)®?
= H(0)RaaH (8), )

where H(8) = [h(6;)h(8;)---h(8,)], and h(d;) = Tk(9,).
Now, we can write the singular value decomposition of R,,, and
R,w as

R,, = UAUY
Ryw = U(A + 2Ty UX (5)
where U and A are defined as
Uec™™ . Uuuf =vufu=1

mxm , _ AP 0
AcC .A_{O 0

Ap:dlag(Al,/\z,,Ap),Al 2/\2 22/\], (6)

Assuming R, has rank p, the unitary matrix U can be written
as U = [ug,ug,...,uyups1,...,0,] = [U,|Ug). Here
(U,) represents the signal subspace and (Uj) represents
the orthogonal subspace which completes C™*™, assuming
p < m < n.Fig. 1 gives a geometrical representation of (6).

III. SUBSPACE SWAP EVENTS

We define three subspace swap events in this section. The first
event, denoted by E, encompasses all possible combinations
for a swap of vectors in the noise subspace and modes in the
signal subspace. The other two events, denoted by F" and G, are
subevents of E. We use these to lower bound the probability of
event E.

We define the subspace swap event E as

E =g, E(q), (7
where F(q) is the subevent that
Arg%q tr (WAPHAW) < el tr(WHPy,gW).
®)

In the above equation, the columns of H are the modes that
are defined in Section II, Z, , is the set of all p x g slices of
the p x p identity matrix I,, and B is an (n — p) x ¢ matrix
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Fig. 1. Signal and noise subspaces.

of rank ¢ < (n — p). On the left hand side, the matrix A se-
lects ¢ of the modes in H and P4 is the projection onto the
g-dimensional subspace of the signal subspace that is spanned
by those modes. On the right hand side, the columns of UyB
form a basis for a g-dimensional subspace of the orthogonal sub-
space (Ug), and Py, p is the orthogonal projection matrix onto
(UyB). The terms tr(WH Pz A W) and tr( W2 Py g W) are
the energies in W resolved by (HA) and {UyB), respectively.
The subevent E(g) is the event that there exists a g-dimensional
subspace of the orthogonal subspace (Uy) that resolves more
energy in W than a subset of ¢ mode vectors do. The subspace
swap event E is the union of subevents { £(g)}5_,, which are
obviously not mutually exclusive. From this definition of the
subspace swap event, the event £ may be stochastically sim-
ulated to stochastically evaluate P(E). But our ambitions are
different: we aim to analytically bound P(F).

Remark 2: The definition of E is inspired by the description
of the subspace swap event in [1] and [2]. In these papers, a
subspace swap is described as the event that one or more modes
of the orthogonal subspace resolve more energy in W than one
or more modes of the noise-free signal subspace, but the event
is not explicitly defined.

We define F as the event that

ltr(wH Py, W) < tr(WH Py, W). ©)
P m—p

This is the event that the average energy resolved in the orthog-
onal subspace (U,) is greater than the average energy resolved
in the noise-free signal subspace (Up) (or equivalently (H)).
Clearly, F is a subset of E(1), and therefore a subset of E, as

the following argument shows

1
min tr(W7Py,, W) < —tr(W"Py, W)
p

1<i<p

< tr(WHPy, W)
m—p

< max tr(WIP, W)
p+1<i<m
< max tr(WHPy, W), (10)
beC(n-p)x1

where h; is the ith column of H.
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We define G as the event that

1
tr(WHPy, . W) < tr (WHPy, W). (11)
m—p
For the parameterized mean measurement model, h,,,;,, is
_ . [h'z(9)?
h/'nin = arg min W, (12)
he{h(@,),h(0),...h(0,)} 2

and for the parameterized covariance measurement model h,,;,,

is

Ih¥R,,(0)h]
b3

arg min

he{h(@1),h(0,)....u0,)}

(13)

h?nin =

Event G is the event that the energy resolved in the apriori min-
imum mode h,,;, of the noise-free signal subspace (H) (or
equivalently (U,)) is smaller than the average energy resolved
in the orthogonal subspace (Uy). Clearly, G is a subset of F(1),
and therefore a subset of , as the following argument shows

min tr(WHPy,, W) < tr(WHP,, W)
1<i<p

1
< tr(WH Py, W)
m—p

< max tr(WIP, W)
pF+1<i<m

< max

tr(WHPy,, W),
beC(n—pr)x1

(14)
We use the apriori minimum mode h,,,;,, of the noise-free signal
subspace in the definition of event GG, because based on the mea-
surement models established in Section II, and the definition of
h,,;, in (12) and (13), h,,;, is most likely to be swapped with
one of the components of the noise subspace. This gives us the
tightest lower bound compared to other choices of h(#;).

IV. BOUNDS ON THE PROBABILITY OF A SUBSPACE SWAP
AFTER COMPRESSION

Because events F' and G are subsets of event E, their prob-
abilities of occurrence P(F) and P(G) give lower bounds on
the probability of a subspace swap, Py, = P(E). In this section,
we derive analytical expressions for P(F') and P(G), in terms
of tail probabilities of F'-distributed random variables, for the
two data models given in Section II. These probabilities lower
bound P, that is, Ps; > P(F) and P;; > P(G).

Let us define T and T¢ as

1 1
Tr= Py, - —Pu,. (15)
m—-p P
and
1
Ta = —PUO thin
m-—=p
1
= PUO o p1ninp5'in7 (16)
m-—p
where thm pmznpmzn with Pimin = ”11;1::1;"‘

I
Then, looking at the definitions of event /" and event G in (9)
and (11), we can write P(F') and P(G) as

P(F) = P(tr [ WITrW]| > 0)
and

P(G) = P(tr [WHTcW| > 0).
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A. Parameterized Mean Case
For the parameterized mean measurement model discussed in
Section II.A, using event I for bounding, we have
P, > P(F)
= P(tr[WHET W] > 0)
tr WU, UFW] /2p )
B tr [WHUUE W] /2(m — p)
M
L I[O w3 /20

)
1]. 17
(2?2 |UHwi3/20m —p) ) )

Here, the elements of {UH w; }M | are independent and identi-
cally distributed as

Ullw; ~ CN,(U2(0),0°T) V1<i<M. (18)
Therefore, using (18), and the fact that () € (U,), we have
U will2/o? ~ x5, (I2(0)]3/0%) V1<i<M, (19)

which is the distribution of a complex noncentral chi-squared
random variable with 2p degrees of freedom and noncentrality
parameter ||z(8)[|3/c%. Also, since (U,) and (Ug) are or-
thogonal, we can conclude that in (17), each ||Ul w;,]||3/o?
independent of [|U} w;|13/0% and is distributed as x3
S U will3/2p
Yol U wiI3/2(m—p)
independent normalized chi-squared random variables and is
distributed as Fapar 2(m—pyar (||2(0)]13/0%), which is a non-
central F distribution with 2pM and 2(m — p)M degrees of
freedom and noncentrality parameter ||z(8)||3/c%. Thus, the
probability of a subspace swap after compression is lower
bounded by the probability that a Fopar,2(m —p)ar (||2(8)]|3/07)
distributed random variable is less than 1. When there is no
compression, this lower bound turns into the probability that a
Fypntatn—pya (|| x(8)13/0?) random variable is less than 1.
Using event G for bounding, we have

m—p)"

is the ratio of two

Hence, the term

P,, > P(G)
= P(tr[WHToW] > 0)
= <1
tr [WHUUEW| /2(m — p)

M H 2
1 1 PminWill3/2
-p ( 2171 ”p ) HQ/ < 1) . (20)
> im0 wi|3/2(m — p)

Here, the elements of {pl. w;}}2, are independent and iden-
tically distributed as

P Wi~ CN (), 2(8), @

Therefore, [|p/};, will3/0® ~ X3(|pjr:2z(8)I?/o?) which is
the distribution of a complex noncentral chi-squared random
variable with 2 degrees of freedom and noncentrality parameter
\pL. 2(0)|%/c%. Thus, with the same type of arguments as for
Zj”l 1PE . wil3/2
E 10§ will3/2(m—p)
is distributed as Faar g pyar (|p2;,2(0)]? /a ), which is a
noncentral F' distribution with 2M and 2(m — p)M degrees of
freedom and noncentrality parameter |pZ. z(8)|>/o2. When

o) V1<i<M.

event F', we can conclude that the term
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there is no compression, this turns into the probability that a
Forto(n-pym (|62, %(0))?/o*) random variable is less than
1. Here, ki, = Hk;n;n\lz , and K, is the apriori minimum
mode of the signal subspace before compression.

Remark 3: The lower bounds derived in this section can guide
our understanding of threshold effects and performance break-
downs for parameter estimation from compressed noisy data in
the measurement model of Section II.A. In particular, they can
be used to quantify the increase in threshold SNR as a func-
tion of a compression ratio as we demonstrate numerically in
Section V. This can in turn be used to decide whether or not
compression to a particular dimension fits performance con-
straints in a desired application.

B. Parameterized Covariance Case

For the parameterized covariance measurement model dis-
cussed in Section I1.B, the columns of the measurement matrix
W are i.i.d. random vectors distributed as CN'(0, Ryw ). Using
event F' for bounding, we have

Py > P(F)
= P(tr[WHT-W] > 0)
B ( tr [WHU,UEW] /2p 1)
0\ tr [WHU UFW] /2(m — p) <
:P<I§%qummp <Q_ o)
>z HU(?WZ‘H%/Q(m - p)

Here, the elements of {UX w;}/Z, are independent and identi-
cally distributed as

Ullw; ~ CN,(0,A, +0°1,) VI<i<M. (23)
Therefore we can write
P
(U w3 =) (\i+a%)pi, (24)
i=1

where p;’s are i.i.d. random variables, each distributed as x3.
Therefore,

P

M
oI wills =Y+ o),
i=1

i=1

(25)

where &;’s are i.i.d. random variables, each distributed as x3 ;-
Also, we can write Y2, U w,||3 = o2v, where v is dis-
tributed as X% M(m—p) and is independent of the &;’s. Therefore,
following the sequence of identities in (22), we obtain

P, > P(F)
_ Y (L4 N /o%)E /2Mp
P( v /2M (m — p)

< 1> . (26)

i Ni/o®)e/2Mp L
Here, the term Zi:llE};LM(/m_)j)/Q P is distributed as GF[(1 +

20,0y (14 28); 2M; 2M (m— p)), which is the distribution of
a generalized F' random variable [34]. Thus, the probability of a
subspace swap in this case is lower bounded by the probability
thata GF[(1+ 23),...,(1 + 2%);2M;2M (m — p)] random
variable is less than 1. Without compression, this turns into the
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probability that a GF[(1+2%), ..., (1+ 2%); 2M; 2M (n — p)]
random variable is less than 1. Here X;’s are the eigenvalues of
the signal covariance matrix Rxx before compression.

Using event G for bounding, we have

P,, > P(G)
= P(tr[WHET W] > 0)

S o, will3/2
—p( = 1H : 2 <1], @7
Zi:l U5 will3/2(m — p)

M

Here, the elements of {pX. w;}2 are independent and iden-

tically distributed as

pl Wi ~CN(0,7) V1<i<M, (28)
where 7 = pZ. Rywp,,i,,. Therefore,
M
Z lorinWall3 /™ ~ X3+ (29)
i=1
From (27) and (29), we have
P,, > P(G)
o2
=P (19 < —) , (30)
T

where ¢ is distributed as Fong2m(m—p)» Which is a central
F random variable with 20 and 2M(m — p) degrees of
freedom. Without compression, this turns into the probability
that a Fyps237(n—p) random variable is less than "Té, where
T = nﬁmRyynmm, Emin = chknm*:l\lz’ and k,y,;,, is the apriori
minimum mode of the signal subspace before compression.

Remark 4: In Sections IV.A and IV.B, we have derived lower
bounds on the probability of a subspace swap for the case that
W = ($P)~1/2® is deterministic, as in standard or co-prime
subsamplings. In the case that ¥ is random, these probability
bounds would have to be integrated over the distribution of ¥
to give lower bounds on marginal probabilities of a subspace
swap. For example, for random ¥ and for the subevent F' we
have

P, = /P(E\\P)P(\I')d\ll > /P(F|\I')P(\Il)d\Il 31)

where P{F|W¥) is given in Sections IV.A and IV.B for the pa-
rameterized mean and parameterized covariance measurement
models, respectively. For the class of random compression ma-
trices that have density functions of the form g(®®), that is,
the distribution of & is right orthogonally invariant, ¥ is uni-
formly distributed on the Stiefel manifold V,,,(C™) [35]. The
compression matrix ¥ whose elements are i.i.d. standard normal
random variables is one such matrix.

Remark 5: The lower bounds derived in this section can guide
our understanding of threshold effects and performance break-
downs for parameter estimation from compressed noisy data in
measurement model of Section II.B. They can be used to quan-
tify the increase in threshold SNR as a function of a compression
ratio as we demonstrate numerically in Section V. This can in
turn be used to decide whether or not compression to a particular
dimension fits performance constraints in a desired application.
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V. SIMULATION RESULTS

In this section, we present numerical examples to show
the impact of compression on threshold effects for estimating
directions of arrival using a sensor array. We consider a dense
uniform line array with n elements at half-wavelength inter-el-
ement spacings, and three different compressions of this array:
Gaussian, uniform random, and co-prime. In the Gaussian
compression, we compress the measurements of the dense array
using an m x n left unitary matrix ¥ = (&) 1/2&_ where
the elements of & are i.i.d. random variables distributed as
N(0,1/m). In the uniform random compression, we consider
subarrays of dimension m of the dense array, drawn uniformly
at random, where the subarrays have similar apertures as the
dense array. In the co-prime compression, we uniformly sub-
sample the dense array once by a factor m; and once by a factor
my, where my and my are co-prime. We then interleave these
two subarrays to form the co-prime array of m = mj; +2my —1
elements. We choose n, mq, and my such that the aperture
of the co-prime array equals the aperture of the dense array.
We consider two point sources at far field at electrical angles
61 = 0 and #2 = ©/n. The Rayleigh limit of the dense array
in electrical angle is 27 /n. Therefore, in our examples the two
sources are separated by half the Rayleigh limit of the dense
array.

Remark 6: Gaussian compression (see, €.g., [7]) is imprac-
tical in sensor array processing as it requires laying down n
uniformly spaced sensors to form m < 7 linear combina-
tions of them. We consider this compression scheme only for
comparison with uniform random and co-prime subsamplings.
Co-prime sensor array processing was introduced recently in
[8]-[12] as a sparse alternative to uniform line arrays. Measure-
ments in a co-prime array may be used directly for inference,
or they may be used indirectly to fill in the entries of a Toeplitz
covariance matrix in a difference co-array. The former case
has been studied in [11] and [12], where the authors establish
identifiability theorems for identifying undamped modes using
MUSIC. The indirect methodology applies when the modes to
be identified are undamped, mode amplitudes are uncorrelated,
and the scene to be imaged remains stationary long enough
for temporal averaging of snapshots to produce reliable esti-
mates of covariances that may then be loaded into the Toeplitz
covariance matrix for the difference co-array. There are two
potential uses for co-prime arrays. In one of these, the number
of sensors in the co-prime array equals the number of sensors in
the ULA, but the aperture of the co-prime array is much larger
than the aperture of the ULA. There are no consequences for
effective SNR in this case, and the Cramér-Rao bound (CRB)
and the Fisher information matrix for DOA estimation favor
the co-prime array, as shown in [11] and [12]. In the other
use, the aperture of the co-prime array is specified to equal the
aperture of a ULA, but many fewer sensors are required for
the co-prime array than would be used in the ULA. This is the
case we have considered in the paper. In this case, there are
degradations in the Fisher information and the CRB (see [36]),
and in the threshold SNR for the co-prime array.

A. Parameterized Mean Case

Fig. 2 shows the lower bounds P(F) and P(G) for dense,
co-prime, uniform random, and Gaussian compressed arrays.
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Fig. 2. Parameterized mean case. Analytical lower bounds, (a) P(F') and
(b) P(G), for the probabilities of subspace swaps in dense and compressed
arrays. The modes correspond to two point sources at far field at electrical
angles 1 = 0 and #> = w/n, with amplitudes @1 = a» = 1. The dense
array has n = 36 elements and the compressed arrays have m = 12 elements,
covering similar apertures as the dense array. The mean and confidence level
curves for Gaussian and uniform random compressions are generated from 200
trials.

The modes correspond to two point sources at far field at elec-
trical angles #; = 0 and 6; = 7 /n, with amplitudes o1 = as =
1. The dense array has n = 36 elements and the compressed ar-
rays have m = 12 elements, covering similar apertures as the
dense array. The compression ratio is - = 3. For the uniform
random and Gaussian compressed arrays, we show the bounds
obtained by averaging our lower bounds for 200 draws of the
random compression matrix, as well as their corresponding 90%
confidence levels. These results indicate that bounding event G
is a slightly tighter bounding event in the parameterized mean
case.

Fig. 3 shows the difference in threshold SNRs, between
dense and compressed arrays, at P(F) = 0.1 for different m
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Fig.3. Parameterized mean case. Difference in threshold SNRs, between dense
and compressed arrays, at P(F) = 0.1 for different m values and n = 128.
The modes correspond to two point sources at far field at electrical angles 1 =
0 and 8, = 7 /n, with amplitudes &y = a2 = 1. The mean and confidence
level curves for Gaussian and uniform random compressions are generated from
1000 trials.

values and n = 128.1 Again, the modes correspond to two point
sources at far field at electrical angles 8; = 0 and 82 = ©/n,
with amplitudes ¢y = a2 = 1. The plots show the average
and the 90% confidence levels of SNRp,.(m) — SNRg,(n),
obtained over 1000 trials, where SNRp,.(m) is the SNR
value at which P(F) for an m-element array equals 0.1. As
Fig. 3 shows, the average loss in breakdown threshold for the
compressed arrays of size m relative to a dense array of size n
is approximately 10log;,n/m dB. These results hold as well
for event G.

As Figs. 2 and 3 show, our analytical results for the uniform
random and Gaussian compressed arrays are similar, and we ex-
pect the same MSE behavior in DOA estimation for these two
arrays. Therefore, we are going to drop the Gaussian compres-
sion in our numerical experiments for the MSE.

Fig. 4 shows the MSE for the maximum likelihood estimator
of the source at #; in the presence of the interfering source at
>, using the dense and compressed arrays. The CRBs corre-
sponding to the (n = 36)-element dense array and the (m =
12)-element compressed arrays are also shown in this figure as
references for performance analysis. The MSE for the uniform
random scheme is calculated by averaging the MSEs for dif-
ferent realizations. Fig. 4 also shows approximations to the MSE
(in solid lines) obtained using the method of interval errors (in-
troduced in [37] and used in [2]). At each SNR, the approximate
MSE o¢2. is computed as

0% = Pyo3 + (1 — Py,)okp. (32)
Here, P;; is the probability of the subspace swap as a function
of SNR, which we approximate using the lower bound P(F') in
(17), normalized by its value at extremely low SNRs where a

I'We use n = 128 to have more freedom in generating different compression
ratios by changing m. Also, since co-prime arrays of fixed aperture are not re-
alizable for arbitrary number of sensors m, we are not using co-prime arrays in
this experiment.
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Fig. 4. Parameterized mean case. Comparisons of CRBs, MSEs for ML, and
approximate MSEs (using the method of interval errors) in estimating §; = 0
in the presence of an interfering source at §2 = 7 /n, using ann = 36 element
dense array and an m = 12 element co-prime array. The data consists of 200
realizations.

subspace swap occurs with probability 1; o2 5 is the value of
the CRB as a function of SNR, and o2 is the variance of the
error given the occurrence of a subspace swap. The justification
for using this formula is that when a subspace swap does not
occur, MSE almost follows the CRB. However, given the oc-
currence of the subspace swap (and in the absence of any prior
knowledge) the error in estimating the electrical angle #; may
be taken to be uniformly distributed between (—#/2, 7 /2) and
the error variance is 03 = 7%/12.

The utility of the lower bounds in Fig. 2 is in understanding
the increase in the threshold SNR, due to compression. This
is validated by the MSE curves of Fig. 4, where the SNR gap
between the onset of MSE breakdown for dense (blue solid-cir-
cled) and co-prime (black solid-circled) arrays is roughly
101log;q 2/m dB. The SNR gap between the onsets of MSE
breakdowns for dense and uniform random (red solid-circled)
arrays is roughly the same. This is in agreement with our
analytical predictions in Figs. 2 and 3. This performance loss
is consistent with the performance loss (e.g., in Fisher infor-
mation) that one would expect when measurements in white
Gaussian noise are compressed by a factor n/m.

Fig. 5 further studies the threshold effect. It shows the em-
pirical outlier probability versus SNR for the maximum like-
lihood estimation of #; = 0 in the presence of an interfering
source at 85 = /36 for 200 realizations. An outlier is consid-
ered an ML estimate with a large error. Our lower bounds P{F')
for the probabilities of subspace swaps for dense, co-prime, and
uniform random arrays are overlaid on this figure. For the uni-
form random array, the plotted bound is obtained by averaging
the lower bounds P{F) over 200 draws of the random com-
pression matrix. We observe that our lower bounds underesti-
mate their corresponding empirical outlier probabilities. How-
ever, they correctly predict the gaps in threshold SNRs, based
on outlier probability.

Remark 7: In the parameterized mean case, the maximum
likelihood estimation (MLE) of the DOAs is obtained as

01, = arg max yHPH(o)y, (33)
6=161,62]
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Fig.5. Parameterized mean case. Analytical lower bounds P(F') and empirical
outlier probabilities for estimation of #; = 0 in the presence of an interfering
source at > = m/36. The dense array hasn = 36 elements and the compressed
arrays have m = 12 elements, covering similar apertures as the dense array.

where y is the measurement vector of the sensors, and H(8) is
the matrix whose columns are the steering vectors associated
with the DOAs 67 and 85. We are showing the MSE of the max-
imum likelihood estimation method because as (33) shows, the
maximum likelihood estimation of the DOAs involves the maxi-
mization of the energy of the projection of sensor measurements
into the noise-free signal subspace. Therefore, the occurrence
of a subspace swap simply leads to a performance breakdown
in the MLE method. Furthermore, as it is shown in [4], while
a subspace swap is responsible for the performance breakdown
of the MLE, earlier breakdown of subspace based methods can
be attributed to the loss of resolution in resolving closely spaced
modes. Therefore, we do not show the MSE plots for any of the
subspace methods such as MUSIC and ESPRIT.

B. Parameterized Covariance Case

Fig. 6 shows the lower bounds P(F') and P(G) in dense,
co-prime, uniform random, and Gaussian compressed arrays.
The modes correspond to two point sources at far field at elec-
trical angles 8; = 0 and #> = 7 /n. The source amplitudes are
assumed to be random with an identity covariance matrix. The
dense array has n = 36 elements and the compressed arrays
have m = 12 elements, covering similar apertures as the dense
array, giving a compression ratio of n/m = 3. The mean and
confidence level curves for Gaussian and uniform random com-
pressions are generated from 200 trials. Again, the gaps between
the threshold SNRs for the dense and the compressed arrays is
approximately 10log,, n/m dB.

Fig. 7 shows the difference in threshold SNRs, between dense
and compressed arrays, at P(G) = 0.1 for different m values
and n = 128. Again, we have used n = 128 to have more
freedom in generating different compression ratios by changing
m, and we have dropped co-prime arrays for the reason men-
tioned in the parameterized mean case. Similar to the previous
plot, the modes correspond to two point sources at far field at
electrical angles #; = 0 and 8, = 7 /n and the source ampli-
tudes are assumed to be random with an identity covariance ma-
trix. The plots show the average and the 90% confidence levels
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Fig. 6. Parameterized covariance case. Analytical lower bounds, (a) P(F') and
(b) P(G), for the probabilities of subspace swaps in dense and compressed
arrays. The modes correspond to two point sources at far field at electrical angles
61 = 0 and 3 = 7 /n. The source amplitudes are assumed to be random with
an identity covariance matrix. The dense array has n = 36 elements and the
compressed arrays have m = 12 elements, covering similar apertures as the
dense array. The mean and confidence level curves for Gaussian and uniform
random compressions are generated from 200 trials.

of SNRp,.(m)— SNRg,(n), obtained over 1000 trials, where
SNRpg,.(m) is the SNR value at which P(G) for an m-element
array equals 0.1. As Fig. 7 shows, the average loss in breakdown
threshold for the compressed arrays of size m relative to a dense
array of size n is approximately 10log,,n/m dB.

Fig. 8 shows the results for the MSE of the maximum likeli-
hood estimator of the source at #; = 0 in the presence of the in-
terfering source at 85 = 7 /36. Our approximations for the MSE
using the method of interval errors in (32) and the Cramér-Rao
bound are also shown for each array. Similar to the parameter-
ized mean case, Figs. 6, 7 and 8 show that performance loss,
measured by onset of threshold effect for the compressed arrays
is approximately 10log;,n/m dB.
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Fig. 7. Parameterized covariance case. Difference in threshold SNRs, between
dense and compressed arrays, at P(G) = 0.1 for different m values and n =
128. The modes correspond to two point sources at far field at electrical angles
61 = 0 and 2 = w/n. The source amplitudes are assumed to be random
with an identity covariance matrix. The mean and confidence level curves for
Gaussian and uniform random compressions are generated from 1000 trials.
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Fig. 8. Parameterized covariance case. Comparisons of CRBs, MSEs for ML,
and approximate MSEs (using the method of interval errors) in estimating 6, =
0 in the presence of an interfering source at#> = 7 /n, usingann = 36 element
dense array and an m = 12 element co-prime array. The MSE curves for ML
are averaged over 200 trails, each with 200 snapshots.

Remark 8: In [3], the authors derive predictions for the prob-
ability of a subspace swap in parameterized covariance case,
based on asymptotic reasoning about the eigenvalues and eigen-
vectors of a sample covariance matrix. In some finite snapshot
regimes, the approximations of [3] are tighter than the bounds
of this paper. In other cases they are neither tighter nor do they
lower bound the probability of a subspace swap.

VI. CONCLUSION

We have addressed the effect of compression on performance
breakdown associated with swapping of signal and noise sub-
spaces in estimating signal parameters from compressed noisy
data. We have derived analytical bounds on this probability for
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two measurement models. In the first-order model, the param-
eters modulate the mean of a set of complex i.i.d. multivariate
normal measurements. In the second-order model, the param-
eters to be estimated modulate a covariance matrix. Our lower
bounds take the form of tail probabilities of F'-distributions, and
they can be used with any linear compression scheme. The am-
bient dimension 7n, the compressed dimension m, the number
p of parameters, and the number M of snapshots determine the
degrees of freedom of the ['-distributions. The choice of the
compression matrix affects the non-centrality parameter of the
F-distribution in the parameterized mean case, and the left tail
probability of a central F' (or a generalized F') distribution in
the parameterized covariance case. The derived bounds are not
asymptotic and are valid in finite snapshot regimes. They can
be used to quantify the increase in threshold SNR as a function
of a compression ratio C. We have demonstrated numerically
that this increase in threshold SNR is roughly 10log;, C dB,
which is consistent with the performance loss that one would ex-
pect when measurements in Gaussian noise are compressed by a
factor C'. As a case study, we have investigated threshold effects
in maximum likelihood (ML) estimation of directions of arrival
of two closely-spaced sources using co-prime subsampling and
uniformly at random subsampling. Our MSE plots validate the
increases in threshold SNRs.
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